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FOREWORD

These are the notes from a course of lectures given at The Institute for Advanced Study in the
fall of 1975. Following a suggestion of A. Borel, | have added a section (§2) with an outline of the
material and have discussed the applications to Artin L-functions in more detail (§3), including some
which were discovered only after the course was completed. | have also made corrections and other
improvements suggested to me by him, and by T. Callahan, A. Knapp, and R. Kottwitz. But on the
whole | have preferred to leave the notes in their original, rude form, on the principle that bad ideas
are best allowed to languish, and that a good idea will make its own way in the world, eventually

discovering that it had so many fathers it could dispense with a mother.

R. P. Langlands
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1. INTRODUCTION

The problem of base change or of lifting for automorphic representation can be introduced in
several ways. It emerges very quickly when one pursues the formal principles expounded in the article
[20] which can in fact be reduced to one, viz., the functoriality of automorphic forms with respect
to what is now referred to as the L-group. This is not the place to rehearse in any generality the
considerations which led to the principle, or its theoretical background, for which it is best to consult

[4]; but it is useful to review them briefly in the form which is here pertinent.

Suppose that F is a non-archimedean local field and G is GL(2). If O is the ring of integers of
F the Hecke algebra H of compactly supported functions on the double cosets of G(F')//G(O) has a
known structure. It is in particular isomorphic to the algebra of functions on GL(2,C) obtained by
taking linear combinations of characters of finite-dimensional analytic representations. According to

the definitions of [20], the L-group of G over F' is the direct product
Lg =LG° x 8(K/F).

Here LG, the connected component of “G, is GL(2,C), and K is simply a finite Galois extension of

F', large enough for all purposes at hand.

If K/F is unramified the Frobenius element ® in &(K/F) is defined and the Hecke algebra H is

also isomorphic to the algebra of functions on
Lgex o cta

obtained by restriction of linear combinations of characters of analytic representations of the complex

Lie group “G.

Suppose E is a finite separable extension of . The group G obtained from G by restriction of
scalars from E to F is so defined that G(F) = G(E). As a group over F it has an associated L-group,
whose connected component £G" is

11 GL(2,C).
&(K/E)\6(K/F)

The group &(K/F') operates on LG" via its action on coordinates. The L-group G is a semi-direct
product
LG =L G° x 6(K/F).
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If E/F and K /F are unramified the Hecke algebra Hg of G(E) with respect to G(Og) is isomorphic
to the algebra of functions on

L’ xoct@
obtained by the restriction of linear combinations of characters of finite-dimensional analytic represen-

tations of LG.

At first this is a little baffling for Hecke algebras on G(E) and G(F) are the same, while the first is
isomorphic to the representation ring of GL(2, C) and the second to an algebra of functions onl G’ x ®.

If fV and fv represent the same element of the Hecke algebra then

=V

(1.1) f (g, 90) X ®) = fY(ge---g201) L=[E:F]

The homomorphism
pi(gxT)= (g, ,9) xT

of LG to LG takes L G° x ® to LG* x ®. Itallows us to pull back functions from G x & to G° x ®, and
yields especially ahomomorphism ¢* : Hg — H. To give an irreducible admissible representation 7 of
G(F') which contains the trivial representation of G(O) is tantamount to giving a homomorphism X of
'H onto C, and to give an irreducible representation II of G(FE) which contains the trivial representation
of G(Og) is tantamount to giving a homomorphism X of H g onto C. We say that IT is a lifting of = if

N = Ao ",

The notion of lifting may also be introduced when E is simply a direct sum of finite separable

extensions. For example if £ = F @ --- @ F then

and G is the direct product
GL(2,C) x --- x GL(2,C) x &(K/F).

We may define ¢ as before. The algebra Hg is H ® - - - ® H. Itis easily verified that if f1 ® - - - ® f lies
in Hg then o*(f1 ® - - ® fy) is the convolution f; - - - % f;, and so the lifting of 7, defined by the same

formal properties as before, turns out to be nothingbut 7 ® - - - ® 7.

Thus when E is a direct sum of several copies of F', the concept of a lifting is very simple, and can

be extended immediately to all irreducible, admissible representations. However when FE is a field, it
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is not at all clear how to extend the notion to cover ramified . Nonetheless class field theory suggests
not only that this might be possible but also that it might be possible to introduce the notion of a lifting

over a global field.

The principal constraint on these notions will be the compatibility between the local and the global
liftings. If F'is a global field and FE is a finite separable extension of F' then for each place v of F' we
define E, tobe F ®p F,. If 1 = ®,m, is an automorphic representation of G(A) ([3]), where A is the
adele ring of F, then the automorphic representation II of G(Ag) will be a lifting of = if and only if I,
is a lifting of «,, for all v. Since =, is unramified for almost all v and the strong form of the multiplicity
one theorem implies that, in general, II is determined when almost all I1, are given, this is a strong

constraint.

Proceeding more formally, we may define the L-groups “G and “G over a global field F too.
LG =GL((2,A) x (K/F)

and
=111 GL(2,A) ) x &(K/F).
& (K/E)\&(K/F)
We also introduce
¢:(9,7) = (g, ,9) X7
once again. If vis a place of /"we may extend it to a place of K. The imbedding (K, /F,) — &(K/F)
yields imbeddings of the local L-groups

L@, =GL(2,C) x 8(K,/F,) =t G, 'G,—rG.

The restriction ¢, of  to “G,, carries it to “G,, and is the homomorphism we met before. If II(G/F)
is the set of automorphic representations of G(A) and I1(G/ F') is the same set for G(A) = G(Ag), the

global form of the principle of functoriality in the associate group should associate to ¢ a map
() : II(G/F) — II(G/F).

The lifting II of 7 would be the image of 7 under II(¢). Since the principle, although unproved, is

supported by all available evidence we expect IT to exist.

The local form of the principle should associate to ¢, amap I1(¢,) from II(G/ F,), the set of classes

of irreducible admissible representations of G(F,,), to I1(G/F,) and hence should give a local lifting.
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Whatever other properties this local lifting may have it should be compatible with that defined above
when E, /F, is unramified and =, contains the trivial representation of G(O). Moreover, as observed
already, local and global lifting should be compatible so that if 7 = ®m, lifts to II = ®II,, then II,

should be a lifting of 7 for each v.

The main purpose of these notes is to establish the existence of a lifting when E/F' is cyclic of
prime degree. It is worthwhile, before stating the results, to describe some other paths to the lifting
problem. If H is the group consisting of a single element then the associate group © H is just & (K /F)
and a homomorphism

® LH SEG

compatible with the projections of the two groups on & (K /F') is simply a two-dimensional represen-
tation p of &(K/F). Since II(H/F') consists of a single element, all II(y) should do now is select a

particular automorphic representation = = 7 (p) in II(G/F).

The local functoriality should associate to ¢, a representation =, = 7(p, ), where p, is the restric-
tion of p to the decomposition group &(K,/F,). We let ®,, be the Frobenius at a place v at which K,
is unramified and suppose

Po - b, —t, X D,.

The associated homomorphism ¢ of the Hecke algebra H,, of G at v into that of H at v, namely, to
C is obtained by identifying H, with the representation ring of GL(2,C) and evaluating at t,. For
suchav, m, = 7(p,) is defined as the representation corresponding to this homomorphism. We may
define m = 7(p) globally by demanding that = = ®m, with m, = 7(p, ) for almost all v. This of course
does not prove that it exists. It is also possible to characterize 7(p,) for all v (§12 of [14]), although
not in a truly satisfactory manner. Nonetheless 7(p,) can now be shown to exist ([17]), but by purely
local methods quite different from those of these notes, where the emphasis is on the existence of 7(p)

globally.

These considerations can be generalized. If p is a continuous two-dimensional representation of
the Weil group Wi, r by semi-simple matrices we may define p,, as the restriction of p to Wy ,p, . For
almost all v, p, factors through

WKq;/Fq; — 7 — GL(Q, C)

If ¢, is the image of a Frobenius element, that is, of 1 € Z, and 7, the representation of G(F,) which

contains the trivial representation of G(O,) and yields the homomorphism of H, into C defined by



Base chnage S

evaluation at ¢,,, we say that =(p,) = m,. We may, at least for irreducible p, define = = 7(p) globally
by the demand that 7 = ®m, and 7, = 7(p,) for almost all v. If w(p) exists its local factors 7, can be

characterized in terms of p,,.

If p is reducible the existence of 7(p) is proved in the theory of Eisenstein series. If p is dihedral,
by which | shall mean, in spite of justified reproofs, induced from a quasi-character of the Weil group
of a quadratic extension, the existence of 7(p) is implicit in the work of Hecke and of Maass. But
nothing more was known when, late in 1966 or early in 1967, the principle of functoriality, and hence
the existence of 7(p), was first suggested by the general theory of Eisenstein series. It was desirable
to test a principle with so many consequences — for example, the existence of 7(p) implies the Artin
conjecture for the Artin L-function L(s, p) — as thoroughly as possible. Weil’s elaboration of the Hecke
theory, which had been completed not long before, together with a careful analysis ([21]) of the factors
appearing in the functional equation of the Artin L-functions, enabled one to show that the existence
of (p) was implied by Weil’s form of the Artin conjecture ([14]), and to obtain at the same time a much

better understanding of the local maps p, — 7(py).

In retrospect it was clear that one could argue for the existence of 7(p) by comparing the form of
the functional equation for the Artin L-functions on one hand and of the Euler products associated by
Hecke and Maass to automorphic forms on the other. This is especially so when F' = Q and p., factors
through

We,R — B(C/R) = GL(2,0)

with the second homomorphism taking complex conjugation to

(b 5)

This argument is simple, can be formulated in classical terms, and resembles closely the argument
which led Weil to his conjecture relating elliptic curves and automorphic forms, and thus has the
sanction of both tradition and authority, and that is a comfort to many. The emphasis on holomorphic
forms of weight one is misleading, but the connection with elliptic curves is not, for, as Weil himself
has pointed out ([33]), the consequent pursuit of his conjecture leads ineluctably to the supposition that

m(p) exists, at least when F is a function field.

Once the conjecture that 7(p) existed began to be accepted, the question of characterizing those
automorphic representations 7 which equal 7(p) for some two-dimensional representation of the Galois

group arose. It seems to have been generally suspected, for reasons which are no longer clear to me,



Base chnage 6

that if F' is a number field then 7 is a (p) if and only if, for each archimedean place v, m, = 7(p,),
where p, is a representation of &(F,/F,); but there was no cogent argument for giving any credence
to this suspicion before the work of Deligne and Serre ([6]) who established that it is correct if /' = Q

and mo, = m(p%,).

This aside, it was clear that one of the impediments to proving the existence of 7(p) was the absence
of a process analogous to composition with the norm, which in class field theory enables one to pass
from a field to an extension, that is, to effect a lifting or a base change. The expectation that there will
be a close relation between automorphic L-functions on one hand and motivic L-functions on the other
entails the existence of such a process, for it implies that to any operation on motives must correspond
an analogous operation on automorphic representations, and one of the simplest operations on motives
is to pass to a larger field of definition, or, as one says, to change the base. For motives defined by a
representation of a Galois group or a Weil group over F', base change is simply restriction to the Galois

or Weil group over E.

If F'is alocal field and p : Wx,p — GL(2,C) an unramified two-dimensional representation of
the local Weil group we have already defined 7(p). It must be observed that if £/F" is unramified and
o the restriction of p to Wy g then m(o) is the lifting of 7. Otherwise, base change for automorphic
forms would be incompatible with base change for motives. That 7(o) is the lifting of 7 follows from

formula (1.1) and the definition of 7(o) and 7(p).

Although the lifting problem emerges from the general principle of functoriality in the L-group,
some of its historical roots and most of the sources of progress lie elsewhere. The initial steps were
taken for F' = Q and E quadratic by Doi and Naganuma. It is instructive to review their early work

([7],[8]). We first recall the relevant facts about L-functions associated to automorphic forms.

If p is any analytic representation of G and 7 an automorphic representation it is possible ([20])

to introduce an Euler product
L(S, Up /0) = Hv L(s, T, P)-

To be frank it is at the moment only possible to define almost all of the factors on the right. For a few p
it is possible to define them all; for example, if p is the projection p° of LG on its first factor GL(2, C)
then L(s,m, p) is the Hecke function L(s, 7) studied in [14]. One basic property of these Euler products
is that

L(svﬂvpl S /02) = L(svﬂvpl) L(57W7P2)-
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If 7 is a representation of “G and II an automorphic representation ofC‘(A) we may also introduce
L(s,11,p) ([20]). These functions are so defined that if ¢ :» G —% G is defined as above and I is the
lifting of 7 then

L(s,II,p) = L(s,m,po ).

If 5 o ¢ is reducible the function on the right is a product. An automorphic representation for G(A) is
also one for G(Ag), because the two groups are the same. However, =G g, the associate group of GL(2)
over E, is GL(2,C) x &(K/E). Given a representation pz of G r we may define a representation p
of LG so that
L(s,11,p) = L(s,11, pi).
Choose a set of representations 71, - - -, 7, for &(K/E)\&(K/F) and let 7,7 = 0;(7)7;(;), with 0;(7) €
&(K/E). Set
p(g1,++,90) = pE(91) © - ® pr(ge)

and let

ﬁ(T) Dy, — @pE(Uz’(T))Uj(i) T € QS(K/F)

The role played by passage from p to p is analogous to, and in fact an amplification of, that played
by induction in the study of Artin L-functions. Suppose for example that p = g%, is the standard
two-dimensional representation of G, obtained by projection on the first factor, and 11 is the lifting
of . If E/F is cyclic of prime degree, let w be a non-trivial character of &(E/F') and hence of &(K/F')
and let p; be the representation of “G defined by

pi(g x ) =w'(7)p°(g)-

Then
0—1

ﬁ‘“ﬂz@izom

and
L(s, 11, p%) = L(s,I1,p) = L(s,m,pop) = H L(s,m, p;).

However, w may also be regarded as a character of 7*\Ir and

L(s, 7, p;) = L(s,w’ @ ).

Take F' to be Q and E to be a real quadratic field. Suppose G is the multiplicative group of a

guaternion algebra over E which splits at only one of its two infinite places. The L-groups of ;; and
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G over E are the same. There is also associated to (; a family of algebraic curves S which are defined
over E/ and called Shimura curves. The Hasse-Weil zeta function of S can be written as a quotient
of products of the L-functions L(s,II;) = L(s,II;, p%) corresponding to automorphic representations
of G1(Ag). It can happen that S not only is connected and elliptic, so that the non-trivial part of its
zeta-function is exactly L(s,II;) for a certain II;, but also has a model defined over Q ([7]). Then
the conjecture of Taniyama as refined by Shimura and Weil ([32]) affirms that there is an automorphic
representation 7 of G(Aq) such that the interesting part of the zeta-function of the model is L(s, 7).
Hence

L(s,1I1) = L(s,m) L(s,w ® 7)

if w is the character of Q* \Iq defined by E. This equation is tantamount to the assertion that II; is a
lifting of 7; and the problem of lifting as posed by Doi and Naganuma was not from 7 to II but from 7 to
II;, where (G; was some quaternion algebra over E. However, if I1; is any automorphic representation
of G1(Ag) there is always (cf. [14], and especially the references therein to the work of Shimizu) an

automorphic representation II of G(Ag) such that
L(S7 H) = L(S7 Hl)
and the problem of lifting from = to II; becomes the problem of lifting from 7 to II.

Following a suggestion of Shimura they were able to establish the existence of II for a large number
of m by combining an idea of Rankin with the theory of Hecke ([8]), at least when F' = Q and E is a
real quadratic field. Their idea was pursued by Jacquet ([13]) who removed the restriction on F' as well
as the restrictions on 7 which are inevitable when working in the context of holomorphic automorphic
forms. However, the method was limited to quadratic extensions, and could establish the existence of

a lifting, but could not characterize those II which were liftings.

The next step was taken by Saito ([27]), who applied what one can refer to as the twisted trace
formula to establish the existence of a lifting and to characterize them when E/F is cyclic of prime
degree. This is in fact not what he did, for he worked with holomorphic forms in the customary sense,
without any knowledge of representation theory; and the language of holomorphic forms seems to be
inadequate to the statement of a theorem of any generality much less to its proof. Itis notsimply that one
can only deal with 7 = ®m, for which 7, belongs to the discrete series at each infinite place, although

this alone precludes the applications of these lectures, but rather that one is in addition confined to
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forms of low level. But Saito certainly does establish the usefulness of the twisted trace formula, the

application of which may have been suggested by some computations of Busam and Hirzebruch.

To carry over anideain the theory of automorphic forms from a function-theoretic to a presentation-
theoretic context is seldom straightforward and usually demand new insight. What was needed to
give suppleness and power to the idea of Saito was the correct notion of a local lifting. This was
supplied by Shintani, who sketched his ideas during the U.S.-Japan seminar on number theory held at
Ann Arbor in 1975, and has now published them in more detail in [30]. It was Shintani who fired my
interest in the twisted trace formula. It soon became clear* that his ideas, coupled with those of Saito,
could, when pursued along lines which he had perhaps foreseen, be applied in a striking, but after this
lengthy introduction no longer surprising, fashion to the study of Artin L-functions. Before giving the
applications, | describe the results on lifting yielded by a fully developed - but only for GL(2) and
only for cyclic extensions of prime degree! — theory. Moreover, only fields of characteristic zero will be

considered. This is largely a result of indolence.

* when reflecting upon these matters not long after the seminar at our cabin in the Laurentians
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2. PROPERTIES OF BASE CHANGE

So far all applications of the trace formula to the comparison of automorphic representations of
two different groups have been accompanied by local comparison theorems for characters, the typical
example being provided by twisted forms of GL(2) ([14]). Base change for cyclic extensions is no

exception, and, following Shintani, local liftings can be defined by character relations.

Suppose F'is a local field, and E a cyclic extension of prime degree ¢. The Galois group & =

&(E/F) acts on G(FE), and we introduce the semi-direct product

The group & operates on irreducible admissible representations of G(E), or rather on their classes,
" : g — 1I(7(g))

and II can be extended to a representation IT' of G’(E) on the same space if and only if II” ~ II for all
7. Fix a generator o of . Then II” ~ II for all 7 if and only if [I° ~ II. The representation IT’ is not
unique, but any other extension is of the form w ® IT', where w is a character of &. There are ¢ choices

for w. It will be shown in §7 that the character of IT exists as a locally integrable function.
If g liesin G(E), we form
Ng=go(g)---o

This operation, introduced by Saito, is easy to study. Its properties are described in §4. It is not the
element Ng which is important, but rather its conjugacy class in G(E), and indeed the intersection of
that conjugacy class with G(F'), which is then a conjugacy class in G(F'). We also denote an element of

that class by Ng. The class of Ng in G(F') depends only on the class of g x o in G'(E).

The representation II of G(E) is said to be a lifting of the representation = of G(F') if one of the

following two conditions is satisfied:
(i) Mis7w(p',v'), misw(pu,v),and p'(z) = w(Ng/px), V() = v(Ng px) forz € £,
(ii) IIis fixed by & and for some choice of IT' the equality
X (9 x o) = xx(h)

is valid whenever h = N g has distinct eigenvalues.
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The representation (u, ) associated to two characters of F* is defined on p. 103 of [14]. The
characters x,, xm of = and IT" are well-defined functions where N g has distinct eigenvalues, so that
the equality of (ii) is meaningful. It should perhaps be underlined that it is understood that = and II
are irreducible and admissible, and that they are sometimes representations, and sometimes classes of
equivalent representations. Itis at first sight dismaying the liftings cannot be universally characterized
by character identities, but it is so, and we are meeting here a particular manifestation of a widespread

phenomenon.

We shall prove the following results on local lifting for fields of characteristic zero.
a) Every 7 has a unique lifting.

b) ITis a lifting if and only if II” ~ ITfor all 7 € &.

c) Suppose I1 is a lifting of 7 and of 7', If 7 = 7(u,v) then 7’ = 7(y/, ") where 'y’ and v~1v/" are

characters of NE*\ F'*. Otherwise 7’ ~ w ® m where w is a character of NE*\ F*. If w is non-trivial

then 7 ~ w ® m if and only if £ is 2 and there is a quasi-character § of E* such that = = 7(7) with

T = Ind(WE/F,WE/E,G)

d)Ifk C F C Fand E/k, F/k are Galois and 7 € &(E/k) then the lifting of 77 is II" if the lifting of
is 1L

e) If p is reducible or dihedral and © = 7(p) then the lifting of 7 is 7(P) if P is the restriction of p to
Wk /5.

f) If I is the lifting of 7 and II and 7 have central characters wy; and w, respectively then wr(z) =
wr(Ng/pz).

g) The notion of local lifting is independent of the choice of o.

The assertion (e) cries out for improvement. One can, without difficulty, use the results of §3 to
extend it to tetrahedral p, but it is not clear that the methods of these notes can, unaided, establish it

for octahedral p. | have not pursued the question.

Many of the properties of local liftings will be proved by global means, namely, the trace formula.
For this it is important that the map on characters x,. — xv Which appears in the definition of local
liftings is dual to a map ¢ — f of functions. It is only the values of xr on G(E) x ¢ which matter,

and thus ¢ will be a function on G(E) x o, or, more simply, a function on G(E). Since the x; are class
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functions, it is not necessary — or possible — to specify f uniquely. It is only its orbital integrals which
are relevant, and these must be specified by the orbital integrals of ¢. But these will be integrals over
conjugacy classeson G(E) x o, asubset of G'(E). As a step preliminary to the introduction of the trace
formula, the map ¢ — f will be defined and introduced in §6. Objections can be made to the arrow,
because the map is in fact only a correspondence, but the notation is convenient, and not lightly to be

abandoned.

There are other local problems to be treated before broaching the trace formula, but before describ-
ing them it will be best to recall the function of the trace formula. Let F' be for now a global field and

FE acyclic extension of prime degree /. Let Z be the group of scalar matrices, and set
Zp(A) = Z(F)Ng,rZ(Ag).
Let ¢ be a unitary character of Zg(A) trivial on Z(F).

We introduce the space L, () of measurable functions ¢ on G(F)\G(A) which satisfy

(€))
p(29) =&(2)p(g) forall ze€ Zp(A)

(b)

/ lp(9)|*dg < oo.
Z5(A)G(F)\G(A)

G(A) acts on L (&) by left translations. The space L (&) is the direct sum of two mutually orthogonal
invariant subspaces: L, (), the space of square-integrable cusp forms; and L, (&), its orthogonal
complement. The theory of Eisenstein series decomposes L. (¢) further, into the sum of L2, (), the span
of the one-dimensional invariant subspaces of L,(£), and L (£). We denote by r the representation of
G(A) on the sum of Lg,(¢) and L2, (¢).

Suppose we have a collection of functions f,,, one for each place v of I, satisfying the following
conditions.

i) fyisa function on G(F,), smooth and compactly supported modulo Z(F,).

i) fu(zg) =& (2)fulg) for z€Ng jp Z(E).
iii) Foralmostall v, f, is invariant under G(OF, ), is supported on the product G(Or, ) Ng, /r,
Z(FE,), and satisfies

/ fv(g)dg =1
Ng,/F, Z(Eu)\G(Or,)NE, /r, Z(Ev)
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Then we may define a function f on G(A) by

flg) = HU fo(gv);

where g = (g,). The operator

r(f) = 9)r(g9)dg

/NE/FZ(AE)\G(A)

is defined and of trace class.

Let g be the character = — {(Ng,rz) of Z(Ag). We may also introduce the space Ly({g) of
measurable functions ¢ on G(E)\G(Ag) satisfying

(@
p(29) =Er(2)p(g) forall ze€ Z(Ap)

(b)

/ o(g)[2dg < oc.
Z(Ag)\G(AE)

Once again we have a representation r of G(Ag) on the sum of L,,(¢g) and L%, (¢g). But r now

extends to a representation of the semi-direct product
An element 7 of & sends ¢ to ¢’ with

¢'(h) = (7' (n).

We will consider functions ¢ on G(Ag) defined by a collection ¢,, one for each place of F,

satisfying
i) ¢, isafunction on G(E,), smooth and compactly supported modulo Z(E,).

i) ¢v(z9) = E5' (2) fulg) for z € Z(E,).

iii) For almost all v, ¢, is invariant under G(Og, ), is supported on Z(E,)G(Og, ), and satisfies

/ (9)dg = 1.
Z(Ev)\Z(Ev)G(OEU)
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Then ¢(g) =[], ¢»(g»), and

r(¢) = g)r(g)dg

/Z(AE)\G(AE)

is defined and of trace class.

We now introduce another representation, R, of G'(Ag). If £ is odd, then R is the direct sum of ¢
copies of r. The definition of R for £ even is best postponed to §11. The function of the trace formula is

to show that, for compatible choices of ¢ and f,
(2.1) trace R(¢)R(o) = tracer(f).

Here o is the fixed generator of &(E/F). The trace formula for the left side is somewhat different than
the usual trace formula, and is usually referred to as the twisted trace formula. It will be reviewed in

§10.

The condition of compatibility means that ¢, — f, for all v. As we observed, the meaning of the
arrow will be explained in §6 for those v which remain prime in E. Its meaning for v which split will
be explained later, in the very brief §8. It is very important that when v does not ramify in E, ¢, lies in
Hg,,and f, is its image in Hr, under the homomorphism introduced in §1, then the relation ¢, — f,
is satisfied. This was verified by Saito [27], who had no occasion to mention that the homomorphism
from Hg, to Hg, was just one of many provided by the general theory of spherical functions and the
formalism of the L-group. In §5 another verification is given; it exploits the simplest of the buildings

introduced by Bruhat-Tits.

The definition of the arrow ¢, — f, and the structure of the trace formula together imply
immediately that the two sides of (2.1) are almost equal. The difference is made up of terms contributed
to the trace formula by the cusps. There is a place for insight and elegance in the proof that it is indeed
zero, but in these notes the proof is regarded as a technical difficulty to be bashed through somehow or
other. The local information accumulated in §5 and in §9, which is primarily technical and of interest
only to specialists, allows us to put the difference of the two sides of (2.1) in a form sufficiently tractable

that we can exploit the fact that we are dealing with a difference of two traces to establish equality.

This is the first step taken in §11. The equality (2.1) available, one chooses a finite set of places,
V, including the infinite places and the places ramifying in E, and for each v ¢ V an unramified

representation II, of G(E,) such that IIJ ~ II,. Let 2 be the set of irreducible constituents II of R,
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counted with multiplicity, such that II,, is the given II, outside of V. By the strong form of multiplicity
one, 2 is either empty or consists of a single repeated element, and if IT € 2 then 117 ~ II. If 117 ~ II
then G’ (A ) leaves the space of II invariant, and so we obtain a representation IT' of G'(Ag), as well

as local representations IT/ . Set

A= ZHE% HUGV trace IL, (¢, )II, (o).

Let 9B be the set of constituents m = ®,, 7, of r such that I, is a lifting of =, for each v outside of V. Set

B = Zﬂe% HUGV trace my, (fy).

Elementary functional analysis enables us to deduce from (2.1) that A = B. This equality is local,
although the set V' may contain more than one element, and we have no control on the size of B.
Nonetheless, when combined with some local harmonic analysis, it will yield the asserted results on

local lifting.

The necessary harmonic analysis is carried out in §7. Some of the results are simple; none can
surprise a specialist. They are proved because they are needed. The last part of §7, from Lemma7.17 on,
contains material that was originally intended for inclusion in [18], and found its way into these notes
only because they were written first. It is joint work with J.-P. Labesse, and it was he who observed
Lemma 7.17. Although [18] was written later, the work was carried out earlier, and the methods are
less developed than those of these notes. At the time, one hesitated to strike out on a global expedition
without providing in advance for all foreseeable local needs. One could probably, reworking [18],

dispense with some of the computations of §7. But little would be gained.

A word might be in order to explain why the last part of §7 and the more elaborate definition
of R when ¢ = 2 are called for. When [E : F| = 2 there are two-dimensional representations p
of the Weil group Wg induced from characters of the Weil group Wx. These representations have
several distinctive properties, which we must expect to be mirrored by the 7(p). For example, p can
be irreducible but its restriction to Wx will be reducible. If F' is global this means that the cuspidal

representation 7(p) becomes Eisensteinian upon lifting, and this complicates the proofs.

In the course of proving the results on local lifting, we also obtain the existence of global liftings,
at least for a cyclic extension of prime degree ¢. If I is an automorphic representation of G(Ag) then,
for each place v of F', II determines a representation 11, of G(E,), and II is said to be a lifting of 7 if

11, is a lifting of 7, for each v. The first properties of global liftings are:
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A) Every 7 has a unique lifting.

B) If IT is isobaric in the sense of [24], in particular cuspidal, then II is a lifting if and only if II" ~ II for
allT € (E/F).

C) Suppose 7 lifts to II. If 7 = 7(u,v) with two characters of the idéle class group ([14]), then the
only other automorphic representations lifting to II are = (uu, 1), where up,1vq are characters of
F*Ng/plp\Ip. If wis cuspidal then 7' lifts to IT if and only if 7’ = w ® ™ where w is again a character
of F*Ng,pIg. The number of such ' is £ unless £ = 2 and 7= = 7(7) where 7 is a two-dimensional

representation of Wy, induced by a character of E*\ I, when it is one, for 7 ~ w ® 7 in this case.

D) Suppose k C F' C E and F/k, E/k are Galois. If 7 € &(E/k) and Il is a lifting of 7 then II” is a
lifting of 7.

E) The central character w, of 7 is defined by 7(2) = w.(2)I, z € Z(A) = I, and wyy is defined in a

similar fashion. If IT is a lifting of 7 then

wr(z) = wr(Ng/p2).

If IT is cuspidal then II is said to be a quasi-lifting of « if IL, is a lifting of 7, for almost all v. A

property of global liftings that has considerable influence on the structure of the proofs is:
F) A quasi-lifting is a lifting.
It is worthwhile to remark, and easy to verify, that the first five of these properties have analogues

for two-dimensional representations of the Weil group Wy of F if lifting is replaced by restriction to

Wg. The central character is replaced by the determinant.
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3. APPLICATIONS TO ARTIN L-FUNCTIONS

Suppose F'is a global field and p is a two-dimensional representation of the Weil group Wy, K
being some large Galois extension. There are two possible definitions of 7(p). If 7(p,) is characterized
as in §12 of [14], we could say that 7 = = (p) if 7 = ®m, and m, = 7(p,) for all v. On the other hand
we could say that 7 = m(p) if 7 is isobaric, in the sense of [24], and 7, = 7(p,) for almost all v. The
second definition is easier to work with, for it does not presuppose any elaborate local theory, while
for the first the relation

L(s,m) = L(s,p)

is clear. It will be useful to know that they are equivalent. The first condition is easily seen to imply
the second. To show that the second implies the first, we use improved forms of results of [5] and [14]

which were communicated to me by T. Callahan.
He also provided a proof of the following strong form of the multiplicity one theorem.

Lemma 3.1 Suppose 7 and =’ are two isobaric automorphic representations of GL(2,A). If m, ~ m,

for almost all v then ™ ~ 7'.

If 7 is isobaric and not cuspidal then m = m(u, ), where p, v are two idele class characters. An
examination of the associated L-functions L(s,w ® 7) and L(s,w ® n’) shows easily that if =, ~ =] for
almost all v and m = m(u, v) then 7’ = 7(y/,v’). Thus the lemma is quickly reduced to the case that 7
and 7’ are cuspidal. It is stronger than the theorem of Casselman ([5]) because it does not assume that

7, ~ m, for archimedean v, but the proof is similar.

One has to observe that if v is archimedean and if for every character w, of F,* and some fixed

non-trivial character v, of F;, the function of s given by

L(l - S,Cdv_l & WU)E(S;W'U b2y 7T’U7¢’U)
L(s,wv ® 7rv)

5/(57(*)7) & anwv) -

is a constant multiple of &' (s, w, ® 7,1, ) then m, ~ .. This is an archimedean analogue of Corollary
2.19 of [14], and is a result of the formulae for &' (s, w, ® 7,,1,) given in the proofs of Lemma 5.18 and

Corollary 6.6 of [14].

One needs in addition the following variant of Lemma 12.5 of [14].
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Lemma 3.2 Suppose that we are given at each infinite place v of F' a character x, of F,* and, in
addition, an integral ideal 21 of F'. Then there exists an idéle-class character w which is such that w, is

close to x,, for each archimedean v and whose conductor is divisible by 2\.

This lemma, whose proof will not be given, can also be used, in conjunction with the methods of
§12 of [14], to show that the second definition of 7(p) implies the first. Again, if 7(p) is not cuspidal

then it is m(u, ) and p must be the direct sum of the one-dimensional representations x and v.

There is one further property of liftings which is now clear.

G) If E/F is cyclic of prime degree, if 7 = m(p), IIis the lifting of 7, and P the restriction of p to the
Weil group over E, then II = 7 (P).

Of course the definition of 7w(p) does not imply that it always exists. If pisirreducibleand m = 7(p)
then 7 is necessarily cuspidal and, since L(s, ) = L(s, p), the Artin L-function attached to p is entire,
as it should be. In this paragraph we take the results of global liftings announced in the previous
paragraph for granted, and see what can be deduced about the existence of 7(p). The representation p
is of course to be two-dimensional, and we may as well assume that it is neither reducible nor dihedral.
If p is a representation of W, the image of K >\ I will then consist of scalar matrices, and passing to
PGL(2,C) ~ SO(3, C) we obtain a finite group which will be tetrahedral, octahedral, or icosahedral.

About the last | can say nothing. | consider the other two in turn.

i) Tetrahedral type

There are three pairs of opposite edges so that we obtain a map of &(K/F) into S5. Since we only
obtain proper motions of the tetrahedron the image must in fact be As ~ Z3. The kernel defines a cyclic

extension £ of degree 3. The restriction P of p to Wi,z must be dihedral, and so I = 7(P) exists as
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an automorphic representation of G(Ag). If 7 € &(E/F) has a representative v in Wiy then II" is

clearly 7(P7) if P7 is the representation, or rather the class of representations, defined by
PT(w) = P(uwu™1).

However, P and P7 are equivalent so II” ~ IT and II is a lifting of an automorphic representation «

of G(A). If w, = det p then w, and w, pull back to the same quasi-character of E*\Ig. Thus there

2

is a character w of F*NIg \ Ir such that w, = w?w,. Replacing = by w ® 7, we can arrange that

w, = wy and that 7 lifts to 7(P). This determines 7 uniquely. We write m = m(p), which is to be read

Tpseudo (/1)
/P GL<
(D.1) GL(2,C) SL(3,C)

x GL‘(?), C)

It follows from (C) and (G) that if 7(p) exists then it must be 7,5 (p), but at the moment all we have
in our hands is mys(p), and the problem is to show that it is in fact 7(p). This will be deduced from

results of Gelbart, Jacquet, Piatetskii-Shapiro, and Shalika (cf. [11]).

Consider the commutative diagram (D.1) in which the skewed arrow on the right is given by
the adjoint representation. Taking the product with &(K/F'), we obtain a diagram of L-groups with
G, =SL(2), HH = PGL(3), H=GL(3).

The representation o = @opisarepresentation of & (K/F'). Each of the one-dimensional subspaces
defined by an axis passing through opposite edges of the tetrahedron is fixed by & (K /E) and thus
defines a character 6 of &(K/E). Itis easy to see that o = Ind(&(K/F),B(K/E),0).

La,
(D.2) La Ly,

For each finite place v at which o, is unramified one attaches a conjugacy class in GL(3,C) to o,,

namely that of o, (®) if ® is the Frobenius at v. Moreover one also attaches a conjugacy class { A(})}
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in GL(3, C) to each unramified representation 7} of GL(3, F,) (cf. [3], [20], [26]). The representation is
determined by the conjugacy class, and one says that 7} = 7 (o) if {A(7})} = {0,(®)}. The following

instance of the principle of functoriality is due to Piatetskii-Shapiro ([16]):

1) There is a cuspidal representation ' of GL(3, A) such that } = (o) for almost all v.

There is another instance of the principle due to Gelbart-Jacquet ([12]):

2) Let 1 = mps(p). Then there is a cuspidal representation 72 of GL(3,A) such that {A(x2)} =

{p(A(m))}-
Recall that evaluation at the class { A(m,)} defines the homomorphism of the Hecke algebra into C

associated to .

It is to be expected that 7! and 72 are equivalent, and this can indeed be established, using a
criterion of Jacquet-Shalika ([15]). Let 7—! be the contragredient of . All that need be verified is, in
the notation of [15], that

L(s,m} x 1) = L(s,7n% x 7, 1)

for almost all v. The left side is
(3.1) det ™ (1 — |a, [ A(my) @ *A™H(my),
and the right side is
(32) det ™ (1 — |a, [A(m)) @ *A™H(my).
In general, if 7} = 7(o,) and o, is unramified then
et(1 — "B & A7) = [ det(1L — [, [")2n)
if n(w) is the degree [E,, : F,].
If v splits completely in E then p, (®) is conjugate to A(m, ). Since
{A(m,)} = {0(pu(®))}

and

{A(m)} = {p(A(m))}
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the equality of (3.1) and (3.2) is clear. If v does not split in E then n(w) = 3, and, by definition,

{A%(m)} = {p3(2)}.
The equality is again clear.

To show that 7,5(p) is 7(p) we have to show that

{A(mo)} = {po(®)}

even when v does not splitin EZ. We have so chosen 7 that both sides have the same determinant. Thus

{m)}:{(g 2)}
{A(m)}:{<5§ 58,))}

with €3 = 1. We need to show that £ may be taken to be 1. Since 7! and 72 are equivalent,

{¢<(g 2))} ={¢<(§§‘ ggb)}

in GL(3,C). This implies either that £ = 1, and then we are finished, or that

we may suppose that

and that

a® = &%,

From this equation we conclude that either a = £2b, which also leads to the desired conclusion, or
a = —&2b, which implies that ¢(p,(®)) has order 6 if £ is not 1. Since the tetrahedral group contains

no element of order 6, the last possibility is precluded.
We have proved the following theorem.

Theorem 3.3 If F' is a number field and p a two-dimensional representation of the Weil group of I’ of

tetrahedral type then the L-function L(s, p) is entire.

ii) Octahedral type. Rather than an octahedron | draw a cube in which | inscribe a tetrahedron. The

subgroup of & (K /F') which takes the tetrahedron to itself defines a quadratic extension E of F'.
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The restriction P of p to W g is of tetrahedral type; so Il = 7(P) exists. If 7 € &(E/F) then
II" = #n(P7). Since PT ~ P we conclude that II” ~ II. Hence II is the lifting of exactly two
automorphic representations 7, 7’ of G(A), one of which can be obtained from the other by tensoring
with the non-trivial character w of F*NIg\Ip. We are no longer able to define m,s(p) uniquely; we

take it to be either of the two representations 7, «’.

We are only able to show that one of the m,5(p) is in fact 7(p) in very special cases. We will exploit a
result of Deligne-Serre. There is a general observation to be made first. Suppose FE is a cyclic extension
of arbitrary prime degree ¢ and p a two-dimensional representation of the Weil group of F'. Suppose
in addition that the restriction P of p to the Weil group of E is irreducible and that IT = 7(P) exists.

Let 7 lift to IT, and suppose that 7 is 7(p’) for some p’, perhaps different from p.

If P’ is the restriction of p’ to the Weil group of E then P/ = P, for almost all places of £ and
thus (see, for example, Lemma 12.3 of [14]) P’ = P. Consequently, p = w ® p’ and 7(p) = w ® 7 exists,

so that L(s, p) is entire. Here w is a characer of F* Ng/pIp\IF.

Thus, for p of tetrahedral type and E the associated quadratic extension, we can conclude that one
of 7w or «" is w(p) if we can show that 7 is 7(p’) for some p’. By the result of Deligne-Serre ([6]), this
will be so if F = Q and the infinite component 7., of 7 is 7(p._) where p__ = 1 @ v, u, v being two

characters of R* with
w(z) = v(x)sgnz.
This is the condition that guarantees that the tensor product of 7 with some icéle class character is the

automorphic representation defined by a holomorphic form of weight one. We will not be able to show

that 7., has this form unless we assume that p.., the infinite component of p, has the same form as
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p... Interpreted concretely this means that the image of complex conjugation in the octahedral group

is rotation through an angle of 180° about some axis.

This axis passes either through the center of a face of the cube or through the center of an edge.
If it passes through the center of a face then complex conjugation fixes E, which is therefore a real
quaderatic field. If v is either of the infinite places of E, then 7, is equivalent to I1, and IL, = = (P,).
Since P, = p, the representation m, satisfies the condition which allows us to apply the theorem of

Deligne-Serre.

Theorem 3.4 Suppose p is a two-dimensional representation of the Weil group of Q which is of
octahedral type. If the image of complex conjugation is rotation through an angle of 180° about an axis
passing through a vertex of the octahedron or, what is the same, the center of a face of the dual cube,

then L(s, p) is entire.

There is one other condition which allows us to conclude that 7, is of the desired type. We
continue to suppose that the image of complex conjugation is rotation through an angle of 18¢°. If
wr is the central character of = and w, the determinant of p then n = wﬂwp_l is of order two. Since
its local component is trivial at all places which split in E, it is either trivial itself or the quadratic
character associated to the extension E. 7., has the desired form if and only if 1 is trivial. If F is a
real quadratic field then 7, is necessarily trivial, and so we obtain the previous theorem. If F is an
imaginary quadratic field then n is trivial if and only if 7 is; and n is trivial if and only if n, is trivial

for some place of F' which does not splitin E.

Theorem 3.5 Suppose p is a two-dimensional representation of the Weil group of Q which is of
octahedral type. Suppose the image of complex conjugation is rotation through 180° about an axis
passing through the center of an edge. If for some place v which does not split in E, the quadratic field

defined by the tetrahedral subgroup, the local representation p, is dihedral then L(s, p) is entire.

It is clear that 7, = wmw;(lp )- However 7, and 7(py) have the same lifting to G(E,). Thus, by
property (c) of local liftings,
T(py) = w @ Ty

with w of order two. We conclude that wy(,,) = wr,,-
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4. 0—-CONJUGACY

Suppose F'isafield and E isacyclic extension of prime degree /. Fixagenerator o of & = &(E/F).

If z and y belong to G(E) we say that they are o-conjugate if for some h € G(E)

y=h"tzo(h).
Then
yo(y) -0 y) = h~zo(z) - o' (2)h
We set
Nz = zo(x)--- o' 1(z).

Ifu= Nz and v = h~'uh then v = Ny.
Lemma 4.1 Ifu = Nx then u is conjugate in G(E) to an element of G(F').

Let F' be an algebraic closure of F' containing E. It is sufficient to verify that the set of eigenvalues
of Nz, with multiplicities, is invariant under &(F/F), or even under those o’ € &(F/F) with image

o in &. Acting on the set with ¢’ we obtain the eigenvalues of o(u), and

The invariance follows.

Suppose u = Nz lies in G(F). Let G, be the centralizer of v and let GZ(E) be the set of all g in
G(FE) for which

v =g zo(g).

The matrix z belongsto G, (E) and y — zo(y)z~! isan automorphism of G,,(E) of order ¢. It therefore

defines a twisted form G¢, of GG,,. Clearly
Gu(F) = GZ(E).

If M is the algebra of 2 x 2 matrices and M, the centralizer of u, we may also introduce the twisted
form M7 of M,. Then GY, is the group of invertible elements in A7, and it follows readily from the
exercise on p. 160 of [28] that

HY(8,G5(E)) = {1}.
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Lemma 4.2 If Nx and Ny are conjugate then x and y are o-conjugate.

We reduce ourselves immediately to the case that w = Nz liesin G(F)and Nz = Ny. If 1 = o”
belongs to & set

er =yoly) 0" (Yo" (@) ola) e

Since Nx = Ny, ¢, is well defined and
coxo(c)r™ = cor.
In other words 7 — ¢, defines a cocycle of & with values in GJ(E). Therefore there is an h satisfying
yr~' =c, = h tzo(h)z™!

and

y =h"two(h).

Occasionally in later paragraphs Nz will simply stand for an element of G(F') which is conjugate

to zo(z) - -- o'~ (z), but for now it is best to retain the convention that

Lemma 4.3 Suppose

withv # 0. Thenu = Nx for some x in G(E) ifand only ifa € NE*. Ifu = Nz and h € G(FE) then

h=lzo(h) is upper-triangular if and only if h itself is.

If u = Nz then x € G, (F) and has the form
b by
0 b )’

Nx:Nb<1 try).

Consequently

0 1
The first assertion follows. To obtain the second we observe that if h~*xo(h) is upper-triangular, then

h~luh is also.
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Lemma 4.4 Suppose
u = a1 0
- 0 as

with a; = as. Thenw = Nz if and only if a; and as lie in N E*. If y is upper-triangular then Ny is of

ap v
0 as

ifand only ify = h='zo(h) with an upper-triangular h. If = xo(h) is diagonal then h is of one of the

(55) (5 4)

Since G, is the group of diagonal matrices the first and last assertions are clear. Suppose y is

o a1 v
Ny-(o a2>'

Replacing y by g~ 'yo(g) with g diagonal we may suppose that

y:x<(1) 1’)
(5 )
(b 2) = 6 == (6 )

To complete the proof we need only verify the following supplementary lemma.

the form

two forms

upper-triangular and

perhaps with a different v. If

then

Lemma 4.5 Ifb € FE regard w — o(w) — bw as a linear transformation of the vector space E over F'.

The determinant of this linear transformation is (—1)*(Nb — 1).

To compute the determinant we may extend scalars to E. Since
EpE~(E®---®F)
and the linear transformation becomes

(z1,-+,xp) = (22 — bx1, T3 — 0(b) X9, - -+, 71 — 05_1(13)33@),
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we are reduced to calculating

Elementary row and column operations yield the desired result.

Lemma 4.6 Suppose u € G(F') has distinct eigenvalues which do not lie in F'. Let E' = F(u) be the

centralizer of u in M (F).

(@) If E’ is isomorphic to E over F thenu = Nz has a solution.

(b) If E' is not isomorphic to E over F and L = E' @ E then uw = Nz has a solution if and only if
u e NL/E/LX .

If T is the Cartan subgroup in which « lies and v = Nz then z € T(E) = L*. The second
statement is therefore clear. If E’ is isomorphic to F then E’ @ E is isomorphic to E' & E’ with E’

imbedded as {(y, y)}. Since o acts as (y1,y2) — (y2,y1) every invariant is a norm.

Corollary 4.7 If F' is a local field and u € G(F') has distinct eigenvalues which do not lie in F' then

u = Nx has a solution if and only if detu € Ng,p E*.
This follows from the previous lemma and local class field theory.

Lemma 4.8 Supposeu € Z(F) = F*. If{isodd thenu = Nz, z € G(FE), ifand only ifu € NE*.

If ¢ = 2 then uw = Nx always has a solution.

If u = Nz then u? = detu € NE*. This makes the first statement clear. If ¢ = 2 we may imbed

E in M (F); so the second statement follows from the proof of Lemma 4.6.

If ' is a global field and v a place of itwe set £, = F ®r F,. & actson F,. Either E, is a field

and & = &(E,/F,) or E, is isomorphic to a direct sum of ¢ copies of F,, and ¢ acts as
(Ilu o 7:175) - (I27 o 71’(,11?1).

Then
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Ifu=(u,---,u)liesin G(F,) C G(F,)and x = (u,1,---,1) then u = NX; so at a place which splits

in E every element is a norm.

Lemma 4.9 Suppose F' is a global field and v € G(F'). Then uw = Nz has a solution in G(E) if and

only if it has a solution in G(E,) for each place v.

It is enough to show that the equation © = Nz can be solved globally if it can be solved locally.
We know that a € F* lies in NE* if and only if it lies in NE for all v. If uw is conjugate to an
upper-triangular matrix the desired result follows from this and Lemmas 4.3, 4.4 and 4.8. Otherwise

we apply Lemma 4.6.
Observe that if u € F'* then the number of places v for which u ¢ NE) is finite and even.

We close this paragraph with a simple lemma which will be used frequently below. Suppose S is
an abelian algebraic group over F, either a torus or the additive group G,, and w an invariant form of
maximum degree on it. Let T" be the group over F' obtained from S over E by restriction of scalars and

let v be an invariant form of maximal degree on T'. The two forms w and v and the exact sequences

(4.1) 171t 178Ng 1
(4.2) 1— S —T2277 1

yield forms zi; and pp on 717,
Lemma 4.10 The forms u1 and s are equal, except perhaps for sign.

The lemma need only be verified over the algebraic closure F of F'. So we may assume S is either

G, or G, and T iseither G, x --- x G, or G, X --- X (G,,. Suppose first that .S is G,. Then

T = {(xl,---,xg) ‘ > = 0}.

We may suppose w is dz and v is dzy A - - - A dzy. The pullback of dz to T is ) dx; and the restriction

of dzy from T to S is dz. We may take x1, - - -, 2y as coordinates on 7', Then
p1 =dxy A Ndag_1q.
Pulling back z; from 7'~ to T' we obtain
d(xy —x2) N d(xg —x3) A+ A d(Tp1 — T0).

Multiplying by dx; we obtain
(=) gy A Adxy

S0 p1g = (—1)*"1uy. A similar computation can be made for G,,,.
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5. SPHERICAL FUNCTIONS

In this paragraph F' is a non-archimedean local field and O = Or is the ring of integers in F.
We want to study the algebra H of compactly supported functions on G(F') spherical with respect to
G(0). A'is the group of diagonal matrices and X*, which is isomorphic to 77, its lattice of rational
characters. Set
X, = Hom(X™",Z).

If w is a generator of the prime ideal of O then the map v — A(7), where A(vy) € X. is defined by
A = [ X0

establishes an isomorphism of A(O)\ A(F') with X..

= (6 3)

(a—b)2|1/2
ab ‘

If

set

Ay) = (

and, if A(y) =0, let

Fi(7) = A() / Flg~ g)dg.
A(F)\G(F)

If f € H then F¢() depends only on A(y); so we write F¢(X). This function is invariant under
permutation of the two coordinates of A, and f —meas A(O)F}(\) defines an isomorphism of H with
the subalgebra of the group ring of X, over C, formed by the invariant elements. We may look at this
in a slightly different way. X, may also be regarded as the lattice of rational characters of the diagonal

matrices A(C) in GL(2,C), and every element > a(X)\ of the group ring defines a function

t— > a(MA®)

on A(C). The symmetric elements are precisely the functions obtained by restricting the elements of
the representation ring of GL(2, C) to A(C). Thus H is isomorphic to an algebra of functions on A(C).

Let fV be the function corresponding to f.

There are a number of distributions, which will arise in the trace formula, whose value on f we
shall have to be able to express in terms of f¥. We begin this paragraph by verifying the necessary

formulae. Our method of verification will be simply to check that both sides are equal for f = f\, the
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characteristic function of a double coset G(O)yG(O) with A(y) = A. Itis easy to verify that m(\), the
measure of G(O)yG(0),is meas G(O) if A = (k, k) and is

g e (1 + %) meas G(O)

if \ = (K, k), K > k. ¢ is the number of elements in the residue field of O and « is the root for which

<a,A>>0,thatis < o, A\ >= k' — k.

Lemma 5.1 If < o, A > > 0, then f)(t) is given by

WMA)-Q__%T_ {]"q_la_lu)A(@-%lilﬂiﬁi@lﬁu)}.

144 1 —a~1(t)

Here ) is obtained from \ by permuting its two coordinates.

Taking |a(t)| < 1 and expanding the denominators in a Laurent expansion we find that this

expression is equal to

meas G(O)A(t) <a,A>=0
meas G(0)g~ 2~ (A(t) + A(t)) <aA>=1
o a,\> . 1 <a,A>—1 .
G(0)g~ %= At — - ’ At~ (t A>>2.
meas G(0) % {377 Aa -2 Y ama 0} <ans >

To verify the lemma we have only to calculate F, (1) explicitly.

Let A(y) = p and choose § in A(F") with A\(6) = A. To make the calculation we use the building
associated by Bruhatand Titsto SL(2, F'). Thisbuilding is atree X, the vertices of which are equivalence
classes of lattices in F'2, two lattices being equivalent if one is a scalar multiple of the other. The vertices

defined by lattices M;, M are joined by an edge if there are scalars a and (3 such that
aMiD ﬁMQ DwalMli.
# #

If M, is the lattice of integral vectors let py be the corresponding vertex. The action of G(F') on lattices
induces an action on X. Every vertex of X lies on ¢ 4 1 edges. We associate to A an apartment 2. This
is a subtree whose vertices are the points tpy, t € A(F'), and whose edges are the edges joining two
such points. The apartment 2 is a line; every vertex lies on two edges. If p;, po are two points in X
there isa g in G(F) and at in A(F) such that p; = gtpo, p2 = gpo. If A(t) = (K, k) then |k’ — k]| is

uniquely determined, and is just the distance from p5 to p;.
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We may also associate a simplicial complex X’ to GL(2, F') = G(F'). The points are lattices, two
lattices M, and M5 being joined by an edge if M; QMQ inl or M, 2 M, ing. We may define
an apartment 21 and the type of an ordered pair (p},p5). Itisa A = (k’, k), the pair, not the ordered
pair, (K, k) being uniquely determined, so that the type is in fact a double coset. There is an obvious

map p’ — pof X' to X.

The type of (yp/, p") depends only on the orbit under A(F') to which p/ belongs. If 7(p1, p2) denotes
the type of (p1, p2) the integral

/ g™ vg)dg
A(F)\G(F)

is a sum over representatives of the orbits of A(F") in X’

ZT(W, oy €8S Gy NA(F)\Gy .

Here G, is the stablizer of p’. We may choose the representatives p’ so that the closest point to p in A
is po. If p, is the vertex of X’ determined by the lattice of integral vectors and p’ = gpy, let d(p’) be
defined by

det g| =[] 1®).

Any point p lifts uniquely to a p’ with d(p’) = dist(p, pg). We may also demand that the representatives
p’ be chosen so that d(p’) = dist(p, po). Then A(F') N G, will lie in A(O). The number of choices for
representatives satisfying the two conditions is [A(O) : A(O) N G,/]. Since

meas G, = meas G(O)

the integral is equal to

meas G(O
(5-1) meas AEO; Z

T(yp'p)=A
The sum is over all p’ for which, in addition to the condition 7(yp/, p’) = X on the type of vp', p/,
d(p') = dist(p, po) = dist(p, ).
This type of reduction will be used repeatedly, but without further comment, in the present paragraph.

We may suppose < «a,pu > > 0and < a, A > > 0. We have to show that A() times the sum

<a,A> <o, A>

appearing in (5.1)isq™ 2 ifA=pu, q

(1 - %) if \ = 4+ na, n > 0,and 0 otherwise.
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There are two possibilities which have to be treated in different fashions. Suppose |§| # 1. Then

we have the following picture

Po 7Y Po

The distance between pg and vpg is m’" — m if u = (m/, m). If the distance of p from py is k then the

type of vp, pis 2k +m’ — m, provided d(p, po) = d(p,2), and the type of (yp',p') is (m' + k,m — k).

If £ = 0 there is one choice for p and if k > 0 there are ¢* (1 - %) Since

b‘1/2‘1 a‘_‘b‘lﬂ m!—m
o=z

A(V)Z‘E a =q 2

and

if A\ = (m' 4+ k, m — k) the required equality follows.
Before treating the second possibility we establish another lemma.

Lemma 5.2 Suppose | 4| = 1 and |1 — | = q~". Then the points of X fixed by ~ are precisely those at

a distance less than or equal to r from 2.
Since G(F) = A(F)N(F)K,with K = G(O) and

N(F):{(é “f) yxeF}

any point of X is of the form tnpy, t € A(F'), n € N(F'). Moreover ~ fixes tnpy if and only if it fixes
npo; and dist(tnpg, A) = dist(npg, A).

We may index the vertices of 2 by Z, the integer z corresponding to the vertex
(1 0
Pz = 0 w? DPo-

This vertex is fixed by n = <(1) f) if and only if w®z € O. If z is the smallest integer for which

w?x € O then npy = po for z < 0. Otherwise

dist(npg, A) = dist(npo, p.) = dist(npo, np.) = z.
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Pictorially,
npo o,

O -O—O- -O———0C O——o0

Po p=

Certainly ~ fixes npo if and only if n~tyn or y~'n~1yn belongs to K. Since
1 1 z(1-2
'yln 1’Yﬂ:<0 (1 a))
the lemma follows.

To complete the proof of the first lemma, we have still to treat the case that | 2| = 1. Let [1— ¢| =r

sothat A(y) =q¢™"
p D

O

Po A
If the distance of p from pyg is k& + r with k£ > 0 then the type of (vp/,p’) is (m’ + k,m — k), with m’
now equal to m. There are ¢**+" (1 — %) possible such points. If the distance of p from pj is less than

or equal to r the type of (yp/, p’) is (m/, m). There are

r . 1
1+ Jl1——) =4q¢"
Zj:l a4 < q) 4
such points. This gives the desired equality once again.

The group Ay (C) of elements in A(C) whose eigenvalues have absolute value 1 is compact. We

introduce an inner product in the group ring of X, by setting

< f1, f2 >=/ F1(t) fo(t).

Ao(C)

The total measure of the group is taken to be one.

Lemma 5.3 Suppose v lies in Z(F') and . = A(vy). If f belongs to H and

1+ l—a(t) 1—a (8

#a(t) = 2measG(O) 1—qta(t) 1 —qgta"1(t) M)
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then
f(’Y) =< f\/jgp,y >

We verify this for f = f\. If A = (K, k), ¥’ > k and u = (m,m) then both sides are 0 unless

k' + k = 2m. If this condition is satisfied f(t)@., () is constant with respect to elements

(6 %)

so that the integration may be taken with respect to

el

This gives

times
1 11—z -zt .\ dz
2mi /|Z|:1{1—q—1zz * 1—q—1z—1/z z

Since k' > m > k this integral is seen by inspection to be 0 unless ¥ = m = k when it is 2. These are

the required values.
Corollary 5.4 If f, and f5 belong to 'H then

- I+ vnF e l-at)  1-a (1)
/G(F) fl(g)fZ(g)dg - 2measG(O) /AE)/(C) fl (t)fQ (t) 1— q—la(t) 1— q_la_l(t)'

Apply the previous formula for f = f; * f5 and v = 1 with f3(g) = fo(g71).

Let -
R e () 1—a 1t
v(t) = 2 1- g la(t) 1= g ta1(t)

Then the family of function f’ is orthogonal with respect to v(¢) and

/ Y (O)2(t) = m(\)meas G(O).
Ao(©)

(11
n0—01

Let
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Lemma 5.5 Ifa € F*, n=ang,and = A <<g 2)), then

/ f(g 'ng)dg
Gn(F)\G(F)

is equal to
1 <flp>
measG,(0) 1-1

q

Since {p’ € A'|d(p’) = dist(p,po)} is a set of representatives for the orbits of G,,(F') in X', the

integral is equal to
1

meas G, (F) NGy

meas G(O) - Z pe
d(p")=dist(p,po)
T(np’,p’)=X

when f = fx. If u = (m,m) this expression isOunless A = (m + k,m — k), k > 0. If k = 0 the sum is

meas G, (0) 2=0 ¢ measG,(0) 1— %.
If £ > 0 there is only one term in the sum and it equals

qk

meas G, (0O)

Comparing with the explicit expansion of f\" we obtain the lemma. For these calculations we of course

D—A—ix—o—o—
o

b Po

rely on the diagram

If v is any semi-simple element in G(F") with eigenvalues a and b we may set
(a—0b)? 12
Ay) = |———

() = [F——|

and
Frn) = a0) [ £~ 19)dg
T(F)\G(F)

if 1" is the Cartan subgroup containing ~.

Lemma 5.6 If f belongs to H and T splits over the unramified quadratic extension F’ then

A(7y) meas G(O)

1 q — 1 measT(O) (2)-

1) meas Gy, (O)

1) . meastmit)) f(g~ ng)dg —2
q meas 7'(0O) /Gn(F)\G(F) ( )
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Here z € F' is determined by |z| = |a| = |b

, and
n = zng.

The group T'(O) consists of all matrices in T'(F') whose eigenvalues are units.

The Bruhat-Tits buildings X and X’ over F' may be regarded as subtrees of the buildings X(F")
and X'(F’) over F’'. The torus T splits over F’ and we may introduce the associated apartments
A (F') and A-(F'). They consist of all vertices fixed by 7'(O’) and the edges joining them. & (F’/F)
operates on these buildings and, because H!(&(F'/F),G(0O")) is trivial, X and X’ are formed by the
fixed points of (F”/F"). The intersection X N A7 (F") consists of py alone and X’ N A/ (F”) is formed by

the points lying over pyg.

p Yp
/)

Po Hr (F)

The integral defining FY, () is equal to

meas G(O) Z 1
meas 7'(O) (v’ )=A
where p’ runs over those points for which not only 7(y¢/,p’) = A but also d(p’) = dist(p, po). Since

the closest point to p in 2 (F") is pg and since the shortest path joining p to py must lie completely in

X there are ¢" ™ <1 + %) such points if £ = \(z) + (m,—m), m > 0,and A(y) = ¢~ ", and there are

r—1 qg+1 2
1+ (g+1)) d"=q¢ —

k=0 ¢—1 q¢q—1

if A = A(z), but none otherwise. The lemma follows upon comparison with the calculations for the

proof of Lemma 5.5.

Suppose the torus 7" splits over a ramified quadratic extension F’. It is no longer X and X’ but
their first barycentric subdivisions X; and X, which are subcomplexes of X(F”) and X(F”). We may
again introduce 2 (F") and 207.(F") as well as the action of &(F’/F'). There is exactly one point py of
A (F') fixed by &(F’/F) and it is a vertex. If p is a vertex of X the closest point to it on 2 (F") is pr.
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There can be at most two points on X at a minimal distance from 2 (F”) and these two points must be

a distance 1 apart in X, for every second point on the path of shortest length joining them lies in X

p1 D2

Ay (F’
px ° e (F)
There must be at least two such points py, po, for the set of them is fixed by T'(F'), and T'(F') contains

an element whose determinant has order 1, and which, as a consequence, fixes no point of X. Let § be

the distance of p3 from pr in X(F”).

Lemma 5.7 Suppose |det | = |w|*™ ! and set u = (m + 1, m). If

—6—1

ol = g ()

- 2measT'(0) (1—q¢ta(t) 1—qgta"1(t)

then
Ff(’Y) =< fvv(/)'y >
for f¥ in'H. Here T'(O) is the stabilizer of p'. in T'(F).
Observe that by Lemma 5.2,

Aly)=q~°?

for v must certainly interchange p; and p, and therefore ps is a fixed point of v at maximal distance

from 21 (F'). Arguing from a diagram

b1~y P2

Pr

as usual we see that Fy, () isOunless A\ = (m+1+7,m —r), r > 0whenitis

meas G(O)

Al) meas 1'(O) v
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Moreover < fY, . >is0unless A = (m + 1+ r,m — r) when it is

meas G(O) r—3g
2measT'(0) e

times
1 z" (1 - q_lz_l) r+1 (1 B q_lz) —r—1 + 27" dz
_ 5 . Z ez
21 |z|=1 1—21 (1—2’-1)(1—(]—12) (1—2’)(1—(]_12_1) 1—2( 2

This contour integral can be evaluated by shrinking the path a little and then integrating term by term.
The first two terms have no poles inside the contour of integration and yield 0; the last two integrals

are evaluated by moving the path to oo, and each yields the residue 1 at z = 1. The lemma follows.
If |det v| = |=|*™ we may choose z € F' so that |z|p = |a|r = |b] 5.

Lemma 5.8 If |det y| = ||*™ then

_ e meas G, (0) 4 _ A(y) measG(O)
Fr(v) =q meas 7'(O) /GTL(F)\G(F) 19~ ng)dg g—1 measT(O) (2)

with

n = zng.

If A(y) = ¢ “thena >0, 2a — 0 — 1 is even, and ~ fixes all points in X(F") at a distance less

than or equal to 2« from A (F’). If j — 6 — 1 is even and non-negative there are

j—o6—1

2q 2

points in X whose distance from 7 (F") is j. Certainly Fy, () isOunless A = (m +r,m —r), r > 0.

If r > 0 itis equal to
meas G(O) ., —s-1
- q 2

meas T'(O)
and if r = 0 it equals
meas G(O) ZQ” 2= i meas G(O) q762+1 e
meas T'(O) j=0 T 7 meas T(0) qg—1
7D

/—\

o—— o—o——o A F’)
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The factor 2 disappears because the orbits under T'(F") are twice as large as the orbits under 7'(O). The

lemma follows upon comparison with the proof of Lemma 5.5.

1 =z
g—t<0 1>k

with ¢ in A(F) and k in G(O), we set \(g) = 1ifz € O and \(g) = |z|? otherwise. Then ¢n\(g) is

If

2¢n|w| times the distance of gpy from 2. If A(y) # 0 set

A f) = AG) /A e, 9N

_(t1 0
t‘(o t2>

) =>ap ()t 15
3’

liesin A(C) and f belongs to H we write

Lemma 5.9 Let
_{a O
7=\o b
and let \(y) = (m/,m) or (m,m’), m’ > m. If m’ > m then
In|w| 1 g
A S el L 1- — ,
100 ) = s A(0) 2= g3l < qs> )
with 2s = |j' — j| — (m’ —m). If m' = m then A, (~, f) is equal to the sum of three terms:
In|w| 1 g
SRl hadl BN g 1-— —
meas A(O) Z] V:;'T;Bm < qs> w0 9)

and

(1 - 3) tnA(y) {

1
/ A
meas A(O) 2a7(m’,m) + Zj’+j=m’+m quaf(J 7])}

l5"—41>0

and, if A(y) = ¢q~® and z € F* satisfies |z| = |w|™,

meas G(O a=1 . 1
26%’@’ ﬁ() Zj:O ]q] 2 (1 - _> f(z)
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Itis enough to verify these formulae for f = f\. Suppose firstthat m’ > m. The integral appearing

meas G(O)
meas A(O)

d(p") = dist(p, po) = dist(p,A) of 2¢n|w|dist(p, A).

in the definition of A (v, f) is equal to

D p

7Y Po Po

times the sum over all p’ for which 7(~p',p’) = A and

The sum is empty unless A = (m' +r,m — r), r > 0. However if this condition is satisfied it equals

1
2r <1 - —) q"Injw|.
q

The sum appearing in the formula claimed for A; (v, f) is also 0 unless A has this form when, by the

explicit expansion of fV(t), it equals

S N [ B

which is easily shown by induction to be

2rq"meas G(O).

If m’ = m we base our calculation on the diagram

"

O——O0—0—0— O——O

1 1
)—l— <1+—+' : '+qr_1>}qrmeasG(O)

q

A1 (7, fr) is certainly 0 unless A = (m + r,m — r), r > 0. If this condition is satisfied it equals

1) meas G(0)

2n|w|(r + a)q (1 ~4) meas 4(0)’

or

The contribution

r >0,
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is accounted for by the first of the three summands in the lemma. The contribution

meas G(O) 1
20n|w]| mmeas A(0) aq <1 - 6)

by the second, and the remainder, which is 0 for » > 0 and

meas G(O o=l 1
20n|w| meas G(0) ijo Jiq’ (1 - 5)

for » = 0, by the third.

The purpose of this paragraph is not simply to consider the algebra H by itself, but rather to
compare it with the algebra Hg of spherical functions on G(E), where E is an unramified extension of

F of degree /. The comparison can be motivated by the point of view exposed in [20].

We have already seen that H is isomorphic to the representation ring of GL(2,C). With & =
&(E/F) we form the direct product
la=GL(2,0) x ®

which is the L-group of GG. Let ® be the Frobenius element in &. The representation ring of GL(2, C)
is isomorphic, by means of the map g — g x ® from GL(2,C) to GL(2,C) x ® C*G, to the algebra §
obtained by restricting to G L(2, C) x ® the representation ring of “G, which is the algebra of functions on
LG formed by linear combinations of characters of finite-dimensional complex analytic representations

of IG. It is the isomorphism of H with § which is now important.

We may regard G(E) as G g(F') where G is obtained from G by restriction of scalars. Its L-group
is formed by setting
Lo
G, = HQﬁ GL(2,0),

on which we let G act by right translations on the coordinates, and then taking the semi-direct product
Lap =Gy, x &.
For simplicity index the coordinate g ELGOE corresponding to ®7 by j. Then
(h1,---,he)_1'(91,"',gz) X ® - (hy,---, hy)

is equal to
(h1 ' giha, hy ' gahs, -+ by L geha) x @.
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Taking ho = gahs, hg = gshyg, -+, he = g1h1,and hy = h we obtain
(h_lgl.QQ v 'gfvhv 17' Ty 1) X ®.

Thus conjugacy classes in G i which project to ® stand in a bijective correspondence with conjugacy
classes in GL(2,C). It follows easily that Hx is isomorphic to the algebra of functions $z obtained by

restricting the representation ring of /G g to LG9, x ®.

The map of /G to “G'x; given by

gxXT = (g, ,9) XT

yields a homomorphism $Hr — $ and hence a homomorphism Hr — H. It is this homomorphism

which must be studied. If ¢ in H g has Fourier transform ¢V, then maps to f, which is defined by
£ ) = 8" (t").

Fix o € &, 0 # 1. We have observed that if y € G(F'), 6 € G(E), and v = N¢ then G§(E)
equals Gg(F), where G7 is a twisted form of GG,. We may therefore use the convention of [14] to

transport Tamagawa measures from G, (F) to GJ(E).

Lemma 5.10 Suppose ¢ in Hg maps to f in H. If vy = N§ then

/ d(g~ 60 (9))dg = £(7) / flg~vg)dg.
G3(B)\G(E) G (F\G(F)

Here £(vy) is 1 unless ~ is central and ¢ is not o-conjugate to a central element when it is -1. Moreover

ifv in G(F) is the norm of no element in G(E) then

/ flg~"vg)dg = 0.
G (F\G(F)

We check this when ¢ = ¢, the characteristic function of the double coset G(Og)tG(Og) =
KgptKg, where A\(t) = A. X(F) and X'(E) are the Bruhat-Tits buildings over E. To prove the lemma
we are unfortunately, but probably inevitably, reduced to considering cases. Suppose first that ¢ is a
scalar so that G§(E) = G(F).

Then

/ o900 (g))dg
G2 (E)\G(E)
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is equal to the sum over representatives p’ = gpj, of the orbits of G(F') in X(E) for which the type of

the pair (do(p'),p’) is A of
meas G(Og)
meas G(F) N gG(Og)g—t"

We choose representatives p’ so that d(p’) = dist(p,po) and so that dist(p,pyg) = dist(p, X). The

reduction used repeatedly before shows that the integral is equal to

meas G(Og

)
“meas G(O) ")=dis —dis 1.
meas G(O) Z d(p )—Tilgg((zv,zi?;gil;t(p,%)

If \(0) = (m,m), thisis 0 unless A\ = (m + r,m — ), r > 0. Since dp = p, the type 7(do(p),p’) is

A = (m+r,m —r) ifand only if dist(o(p), p) = 2r.

p o(p)

o— o X

bo

Since X is the set of fixed points of o in X(E), the paths from py to p and from p, to o(p) must
start off in different directions. In other words the initial edge of the path from p, to p does not lie in

X. This shows that there are
q"(1—-¢"")

possibilities for the p’ or, what is the same, the p occurring in the above sum if » > 0 and just 1 if r = 0.

To complete the verification in this case we have to evaluate

| a0
Ap(C)

with ¢, defined asin Lemmab5.3. Since A(y) = ¢A(9), theintegral is certainly Ounless A\ = (m+r, m—r).

If this condition is satisfied it equals

mE()‘) 1+ q_l —re
2meas G(O) 1+ ¢ * 1

times

1 1—q "t 1—z71 1—2 o,  1—q %! 1—z1 1—2 ., dz
—_— . . z _|_ . . z R
27 11—zt 1—q1lz71 1—-qg 1z 1—2t 1—qlz71 1—-q12 z
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We have to show that this integral is

1—q_£

1+q¢1
ifr > 0and

1+q_€

1+q7!
ifr=20.

Once we shrink the circle of integration a little, we may integrate term by term. The first term will
have only one pole inside the new circle, that at 0, where the residue is 0 if » > 0 and ¢!~ if » = 0. The

second term we write as

1 1—2 1—271 1 2\, 1 l—q % 1-2 1-271 1
1—20 1—q 1z 1—q 1zt 2 q* q* 1—20 1—q 12 1—qlz71 2

The first summand is integratd by moving the path out. The residues are at ¢ and oo and yield

1 1—q¢? 1 0 r>0
A A g <1_?>+{q% r=0"

The second is integrated by moving in; the residues are at 0 and é. They yield

1 1 1—-¢ ! ¢gt-1 ( 1)
1——- . . +1——=]gq.
qé 1_q—£ 1_q—2 q—l q£

If everything is put together the result follows.

Now suppose that ~ is central but ¢ is not o-conjugate to a central element. Then as we observed

in the previous paragraph ¢ = 2. Moreover since F is unramified
|det §| = \w\Qm“

for some integer m. Let ¥ be the map p — do(p) of X(E) to itself. Then ¥ has no fixed points, for

%2 gpo — (60(g)g~")gpo and
|det(50(g9)g™")| = [>T

Suppose p; is a point for which dist(p;, ¥p;) is @ minimum. Since Y2 is the identity, > defines an
inversion of the path of shortest length joining p; to Xp;. It follows immediately that dist(p;, Xp;) = 1.
| claim that if dist(p2, Xp2) = 1 then py € {p1,Xp;1}. If not take the path of shortest length joining p» to
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this set. Replacing p, by Yp, if necessary we may suppose the path runs from p, to p;. Then X applied

to the path joins YXp, to ¥p1, and we obtain a non-trivial cycle

b2 Z D2

P1 > p1

This is a contradiction.

The integral

/ P(g~ 60 (g))dg
GZ(F)\G(P)

is equal to

meas G(Og) { Z 1},
meas G§ (E) N Gp’1 d(p’)—d(p})=dist(p,p1)<dist(p,Sp1)
T(p', 5, ) =X

Here p] is any fixed lifting of p; to X(F). The sum is empty unless A\ = (m + 1+ r,m —7r), r > 0,

ZP1

when it is equal

to ¢*". Since G¢(E) N G is a maximal compact subgroup of G§ (E), we can easily verify that (cf. p.
475 of [14])
G(O
meas G5 (E) NGy, = wf).
q—

Since A(y) must be (2m + 1,2m + 1), the integral
[ oo @=2
A0(C)

isOunless A\ = (m + 1+ r,m — r). If this condition is satisfied this inner product is

mp(\) . 1+q¢t q_(T+1/2)£ _ meas G(OF) ) 1+1 q_(T_H/g)g
2meas G(O) 1+q* 2meas (G(O) q
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times

L. / 1_q—€Z—£. 1_2—1 ' 1—2 z€r+e+1—q_£z£. 1—2—1 . 11—z z_gr_g % (€:2)
27 1—27¢ 1—qg 1271 1-q¢ 1z 1—2zf l—qlz7t 1-q12 z
lz]=1

This integral has to be shown to equal

1
04—
g1

This can be done much as before. Once the contour of integration is shrunk a little, the integral of

the first term becomes 0. The second term is written as

1 1—27t 1—2 ) 2N\ e - +1—q_£ 1—z71 1—2
. . _—— z —_— —_—— . .
1—2t 1—q 27t 1—-q 1z q* q* 1—201—qg 127t 1—qg 12

To integrate the first summand we move the path out. There is a residue at ¢ which yields

1 1—q! 1 qg—1
=g 1o Y < qﬁ) 1 =Y

For the second we move the path in; the residue at é is
(1 1> 1—¢ bt ¢g-—-1
q 1—¢2 q¢+1

If v is central but is not a norm then ¢ is odd and A(y) = (m,m) with m prime to ¢. It follows

immediately that \(¢¢) is always orthogonal to ¢., so that £V () = 0 if f is the image of ¢.

. . 1 1
y=ano=al, /-

n=x((5 20 =mm

and ~ is a norm if and only if / divides m. Itis clear that < f¥, u >= 0 if £ does not divide m. Suppose

1 v
o1 0).

Then G§(E) = G (F). We may choose as a set of representatives for the orbits of G, (F) in X(E) the

We next suppose that

Then
then v = Né§. We may write

collection {p’ = np’}, where z € Z, where p, is defined to be that element of 2" which projects to p, in

20 and satisfies d(p’,) = dist(p., po), and where

=0 1)
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with x running over E/F + w~*°=. Observe that

meas G ~ _, measG(Og)
meas G NG (F) 7 Theas G,(0)"

Moreover 7(3p',p) is (k +r,k — ), k = 7. with r equal to 0 if
order(o(z) —x —v) > —z
and equal to
—order(o(z) —xz —v) — 2
otherwise.

Thus

/ 6x(g~"60(g))dg
G¢(E)\G(E)

is equal to 0 unless A = (k + r,k — r). Since trace(c(xz) — x —v) = 1, the order of o(z) — z — v is
always less than or equal to 0. If we assume, as we may, that order v = 0, then ord(c(z) — x — v) is

ord(o(z) — x) if this is negative and is 0 otherwise. If A\ = (k, k) then the integral equals

meas G(Og) ZOO —._measG(Og) 1
meas G (O) 2=0 ~ measG,(0) 1—gq 1

If \ = (k+r,k —r)with » > 0 then the integral is

meas G(Og) [ 1 o0 2 (—1) 1—¢
I e T . T z T 1 _
meas (- (0) {q D DL It A O by

which equals

meas G(Og) 1—q¢ ¢ .
meas G,(0) 1—q7! '

/ oY (tY7(t)
Ao (C)

by using the explicit expansion of ¢y, the required equality follows from Lemma 5.5.

Since we can easily compute

We have still to treat the case that + is regular and semi-simple. Let 1" be the Cartan subgroup
containing . If v = N then ¢ also belongs to 7. If T'is A then « isa norm if and only if u = A(y) =

(m/, m) with both m’ and m divisible by ¢. Since

/ flo7 vg)dg = A(y) ' Fr(y)
A(F)\G(F)
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this integral is certainly 0 if m’ and m are not both divisible by ¢. However if ¢ divides m’ and m and

¢ = px, With X = (k’, k), the integral equals

meas G(O) 1t
—— A 5 (k' —k) " gl e
meas A(O) (Mg m = Llk',m = lk
and
meas G(O) 1t -
— A 5 (k'—k) 1— 4 r_ r > _
meas A(O) e (I—¢ ") m'=Lk"—tr=m="Ck+lr,r>0

but 0 otherwise.

The integral
(5.2) / ox (9780 (g))dg
A(F)\G(E)
is equal to
meas G(O)
meas A(O) Zd(p’)=dist(/z77zgo)=d(pﬂl) L.

T(Zp',p")=X

/

If m’ # mthen A(y) = ¢~ = and the relevant diagram is

p a(p) >.(p)
C\

If d(p, po) = r then the type of (Xp/,p’) is (m’ + r,m — r). For a given r, there are
qh(l - q_e) r>0

or

1 r=20

possibilities for p or p’. The equality follows.

Suppose m’ = mand A(vy) = ¢~, a > 0. Then ~ fixes all points in X(E) which are at a distance

at most o from 2, but no other points. We so choose ¢ that NJ lies in G(F') and take v = N§. If,

as usual, ¥ : p — do(p) then Xfp = ~p so that ¥ fixes p only if v does. Suppose X fixes p and
dist(p,2A) < a. Then ~ fixes all points which can be joined by p by an edge. If p = gpy these are the
points gkp1,k € Kr = G(Og), p1 being one of the points in the apartment 2 adjacent to py. Thus

g 'vg € G(Og) and has trivial image in G(kg), if kg is the residue field of O . Moreover

po=g 'p=g 'Sp=g éc(g9)po;
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so g 1do(g) € Kg. Since

(97" 00 (9))a(g™ 00 (g)) -+ 0" (g b0 (9)) = 9~ "9,

we conclude that g~ !0 (g) defines a cocycle of & in G(x ). But all such cocycles are trivial; so we may

suppose, upon replacing g by gk, that the image of g~'d0(g) in G(kg) is 1. Then

S(gkp1) = g(g~ 00 (g)o(k))p1 = go(k)p:.

This is equal to gkp, if and only if k1o (k)p; = p;. It follows that the number of points in X(E) which
can be joined to p by an edge and are fixed by ¥ is the same as the number of points in X which can be

joined to py by an edge, namely ¢ + 1.

The relevant diagram is now

P‘\ 2P
o— o o A

Po

The integral is certainly 0 unless A = (% +r, 7= r) , r > 0. If X has this form and r > 0 the value of
the integral is

meas G(O 1 o _ o 1 - meas G(Og) 1o
(E){qa 1q£(1_q1 ﬁ)_’_q <1_5>q£}_ (E)q+£(1

—27‘)
meas A(O) ~ meas A(O)

—dq
and ifr =0itis

meas G(Og)
meas A(O) e

(67

This again yields the correct result.

We suppose next that T is not split over F' but that it splits over E. Then ¢ = 2 and the equation
« = N§ can always be solved. If the eigenvalues of § are a, b those of v are ac(b), bo(a). ¥ has exactly
one fixed point in A (F) and this point is a vertex or not according as the order of the eigenvalues of

~ is even or odd. If it is odd, say 2m + 1, then the diagram to be used is

p D

p1 Zm
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The integral (5.2) (with A replaced by T'),is 0, unless A = (m + 1+ r, m —r), r > 0when itis

meas G(Og)

(5:3) meas T'(O)

2q€r

for the only forbidden initial direction for the path from p; to p is the edge joining p; and Xp;. Define
z € F* =Z(F)by|z| = |ac(b)| = |bo(a)| the set

n = zng.

If we appeal, as we shall now constantly have occasion to do, to the calculations made for ~ a scalar or

a scalar times a unipotent we see that (5.3) equals A ()~ times

1\ measG,(0) 1 ~ 2A(y) measG(O)
<1 * q) meas 1'(O) /GH(F)\G(F) Jg~ng)dg g—1 measT(O) /)

if f is the image of ¢,. Observe in particular that the integral appearing here is 0 because the order of

z is odd. In any case the desired equality follows from Lemma 5.6.

If the order of the eigenvalues is even, say 2m, then the diagram to be brought into play is:

p P

© QLT(E)

Thus (5.2) isOunless A = (m +r,m —r), r > 0. If A(vy) = ¢~ and X\ is of this form then it equals

meas G(Og) Ny a-1 . ¢ —¢
—= < (1 - "1 1 J " 1)g®
s T(0) {( ¢ (1D Y @) +a (a4 1)
or
1 9 Lr 1— 1—¢
(5.5) meas G(Or) { aker AFL g ey M}
meas T'(0O) qg—1 q—1
if r >0, and
meas G(Og) a-1 measG(Og) [ —2 g+1
. ——= <1 1 J N = o 1 -
(5:6) meas 1'(O) { tlat )ZjZO 1 } measT(0) |(qg—1 +4a g—1

if r = 0. Our previous calculations show once again that this is equal to (5.4), so that we have only to

appeal to Lemma 5.6.
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Suppose that 1" does not split over E but that it does split over an unramified extension. Then /¢
is odd. If the order of the eigenvalues of v is m then -~ is a norm if and only if ¢ divides m. Itis clear

from Lemma 5.6 and the cases previously discussed that

(5.7) / f(g™ vg)dg =0
T(F)\G(F)

when f is the image of ¢,, if £ does not divide m.

Suppose ¢ divides m. Let E’ be the quadratic extension over which 7" splits and let A(v) = ¢~ °.

There is one point, denoted py, in A (EE") N X(E)
P\ 2P

Ar(EE’
b1 T( )

We can analyze the fixed points in ¥ in X(E) and evaluate (5.2) as before. It is 0 unless A =

(%47, 2 —r), r>0,when itis given by (5.5) and (5.6).

It remains to treat the case that 7" splits over a ramified quadratic extension E’. We shall appeal to
Lemmas 5.7 and 5.8 as well as to some of our previous calculations. We know that -~ is a norm if and

only if dety € Ng,pE*, thatis, if and only if the order of det y is divisible by /.

The apartments 2 (E’) and 2 (EE’) are the same. Since this apartment is fixed by
&(EE'/F), the vertices in X(E) closest to it lie in X. Let them be p;, ps as before

pl‘\ p2

o—— o——o0—o0 QlT(E')

pbr

We have all the information needed to calculate (5.2) (with T replacing A) at our disposal. If
the order of det~ is odd, say 2m + 1, then X interchanges p; and p», and (5.2) is 0 unless A =
(m+1+r,m—r), r>0,whenitis

meas G(Og) ,
meas 7'(O) 7

r

If £ = 2 thisis
-1 measG(O)
qg—1 measT(O)

f(z)
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if z € F'* and order z = 2m + 1. Since the order of 2 is odd

/ f(g~ ng)dg =0
Gn(F)\G(F)

for n = zng; so we may conclude by an appeal to Lemma 5.8. If / is odd we have to appeal to Lemma
5.7. This forces us to evaluate

< fY, oy >

58 A(9)

If the order of det y is 2m’ + 1 the inner product is certainly 0 unless A = (¥, k) with ¢(k' + k) =
2m/ + 1, and this implies in particular that it is always 0 unless /¢ divides 2m/ + 1. If £ divides 2m’ + 1,
so that we can solve v = N§, then (2m + 1) = 2m/ + 1 and m' = {m + (f;;) When these necessary
relations between £/, k and m/ are satisfied the expression (5.8) is equal to

br+4+€—1

gz measG(Og)
2 meas T'(O)

1—q et s 1= gl=—t At 1= gt 1= gt = 4z
1—2t 1—qlzt 1—2z7t 1-qz 1—2¢6 1—q 121 1—20 1—qlz | 2~
|z|=1

We again shrink the contour a little and then integrate term by term. The first two integrals are 0.
For the last two we push the contours out to infinity. The only residues are at 2/ = 1 and they are
independent of » > 0. We may therefore evaluate the last two integrals by setting » = 0 and shrinking

the contour to 0. The third integral then has residues at % and 0, which yield altogether
1— q—2€
1—q*

£41 £41 £—1
2

¢ —q¢7T =q =,

The residue at 0 is easy to calculate because ¢ — (“Tl) = K_Tl is positive, so that it is the same as the

residue of

z—q 1

£—1

The fourth has a residue only at 0 and there it is q_( ). The desired equality follows.

2P
p
o—0—0— 00—

pbr
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If the order of det~y is even, 2m/, but not divisible by ¢ then Lemma 5.8 together with some of the
previous calculations show that (5.7) is 0. Suppose v = N¢ and order (detd) = 2m. Then X fixes p;

-1 _

and p, and the integral (5.2) isOunless A = (m +r,m —r), r > 0. Let A(y) = q‘éT @ Here « is

necessarily integral. If A = (m + r,m — r) with » > 0 the integral (5.2) equals measGlO0p) , tjmes

meas T'(O)
1 a=1 . 1— q—E qér
Olr Lr a Lr « 1—¢
1— — J % = ca® - — (1= .
q ( q£_1> (Zj:0q>+q =4 T T (1-q¢7")
If r = 0 it equals %T((OOE)) times
«a j qa 1
Z o1 = -1 :
Jj=0 1—gq q—1
Our previous calculations show that these expressions equal
¢~T meas G,(0) 1 measG(O)

—1 _
A(y) measT(0) /Gn(p)\g(p)f(g ng)dg g—1 measT(O) /()

if z € F’* and order z = m/. We have now merely to appeal to Lemma 5.8.

Lemmab5.10 is now completely proved but the tedious sequence of calculations is not quite finished.

There is one more lemma to be proved, but its proof will be briefer.

The function A(g) was defined in the preamble to Lemma 5.9. If 6 € A(E) and G§(E) C A(E)

we set
A1(5,6) = Ay) / o(g~ 250 (9)\(9))dg
A(F)\G(E)

with v = N§.

Lemma 5.11 Suppose ¢ maps to f. Then

€A1 (’}’, f) = Al ((5, ¢)

a 0
= (5 3)
and let |a| = |@|™, |b] = |=|™. Suppose first that i’ > m. The relevant diagram is

P D

Let

—o0

Po Z Po
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If ¢ = ¢ then A1(0,¢) isOunless A = (m' +r,m —r), r > 0, when itis

meas G(Og) 1

Ay (v, f) may be computed by combining the formula of Lemma 5.9 with the explicit expansion of ¢y .

This yields
meas G(O - y_ ..
QA(’Y)gn’w’ E [ E j+j =m'+m < qgs> a(]ﬁ(]v]/)

measA
J —]>m —m

if meas G(Og)ag(4,5') = ag (4, '), for

The above sum is

(18) (=) (2) () (-2 (-3)

as required.

Now take m’ = m. Let A(y) = ¢ ¢

A1(0,¢5)is0unless A = (m+r,m —r), r > 0, when itis

(5.9)
a—1

W y;meas G(Og) o, 1 . ol 1 ifv 1 tria (1
2q~“In|w| 7measA(O) rq”"(1 ) ;(j—i-r)q 1 pr=, q p a+r)q 1 .
if > 0and

_ G(Og) o 1

1 20~ ¢ meas & ©p) Jf1-2

(5.10) q “In|=| meas A(0) ijojq .

if » = 0. We sort this out and compare with the formula for A, (v, f) given by Lemma 5.9

1 1 a—1 1 1 1
Lr E « Ir+a
" 1_—_ + 1_—_ = ]<1__>+ <1__>}_T (1__>
! {< qg 1) < qg 1) J lq q 4 q 1 qg

This yields the part corresponding to the first summand of the lemma.
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The second summand of the lemma equals

1 meas G(Og)
1— = S T\VE)
< q) atnle| meas A(O)

or r=1 1 1 1 _ lr
2q {Zszoﬁ 1—? +W =2q

and is therefore given by the term
aq€r+a <1 o 1)
q

in the parentheses of (5.9) or by the last term of (5.10).

times

This leaves from (5.9)
G(OE) 1 oa—1 . 1
20 ¢ MeAST\YE) er (1 j—a (1 _ =
nle] meas A(O) e qt—1 ijo 4 q

and from (5.10)

, meas G(Op) a1l oo, 1
2n|e] meas A(O) Zj=1 J4 ! qa)

We know from the calculations made in the proof of Lemma 5.10 that these two expressions are equal

to the last summand of Lemma 5.9.

We now have all the formulae for spherical functions that we need, but unfortunately for the
wrong spherical functions. Suppose ¢ is an unramified character of Ny, Z(E) and H' is the algebra
of functions f’ on G(F') which are bi-invariant with respect to G(O), of compact support modulo

Ng/rZ(E), and satisfy

f'(z9) =€ (2)f (9) 2 € NgjpZ(E).

Multiplication is defined by

/ Fl(gh™ ) fo(h)dh.
Ng,rZ(E)\G(F)

The map f — f/ with
fo=[ s
Ng,rZ(E)

is a surjective homomorphism from H to H’. There is a simple and obvious relation between the orbital

integrals of f and f’ as well as between A; (v, f) and A; (v, f'). For example

Ai(y, f') = / Ay (27, f) &(2)dz.
Np/pZ(E)



Base chnage 56

If £ is the composite of £ with the norm we may define H'g in a similar manner. If ¢’ € H'g

then ¢'(zg) = £5'(2)¢/(g) for z € Z(E). Moreover ¢ — ¢’ with
¢'(9) = / ¢(29) € (2)dz.
Z(E)

There is also a commutative diagram

H — 3,

_—

H —— Hg

If ¢’ — f’ then an analogue of Lemma 5.10 is valid.

¢’ (g~ "00(g))dg = / f (g7 vg)dg.

/Z(E)Gg'(E)\G(E) G (FO\G(F)

To verify this we begin with

¢(z" g~ 00(g)o(2))dzdg = / flg " vg)dg.

/Z(E)G’g'(E)\G(E) /Z(F)\Z(E) Gy (FO\G(F)

Replace 6 by dv, v € Z(E) and hence v by § Nv. Both sides are then functions on Z'=7(E)\Z(E).
Multiply by £~1(z) and integrate. The right side becomes

/ f'(g7 vg)dg.
G (F\G(F)

Because of Lemma 5.10, the left side is

/ ¢’ (g7 "60(g))dg.
2(E)G(E)\G(E)

In order that the analogue of Lemma 5.11 be valid, we must set

A1(0,9") = A7) (9760 (9))Mg)dg.

/Z(E)A(F)\G(E)

It is not difficult to see that 7’ is isomorphic to the algebra of functions on

{(g g) € A(C) | (aB)' = f(w)g}

obtained by restriction from some fV, f € H. Thisenables us to speak of (f')". Every homomorphism

H' — Cis of the form
re@i(y 8 e —ewh.
We may also speak of (¢')".
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6. ORBITAL INTEGRALS

The study of orbital integrals was initialed by Harish-Chandra in his papers on harmonic analysis
on semi-simple Lie groups; the same integrals on p-adic groups were afterwards studied by Shalika.
Some basic questions remain, however, unanswered. If they had been answered, much of this para-
graph, which provides the information about orbital integrals, and twisted orbital integrals, to be used
later, would be superfluous. But they are not and stop-gaps must be provided. No elegance will be

attempted here; | shall simply knock together proofs out of the material nearest at hand.

Let F be a local field of characteristic 0. If f is a smooth function with compact support on G(F),

T is a Cartan subgroup of G over F, and -y is a regular element in 7'(F') then we set

Qs(v,T) = / f(g~ " vg)dg.
T(F)\G(F)

The integral depends on the choice of measures on G(F') and T'(F"), measures which we always take to
be defined by invariant forms wr and we. When it is useful to be explicit we write ® ¢ (v, T; wr, wa).
Since they complicate the formulae we do not use the local Tamagawa measures associated to forms w
as on p. 70 of [23] but simply the measures |w|, which could be termed the unnormalized Tamagawa

measures.

It was observed on p. 77 of [23] that the map v — Ch(y) = (trace~, det ) of G to the affine plane
X is smooth except at the scalar matrices. If a € X is given then a two form g on X which is regular
and does not vanish in some neighborhood of a may be used to define an invariant form ;/ on G,\G

if v is regular and Ch(~) is close to a. Set
By = [ Fo™"19)ldu|.
G (F)O\G(F)
If v € T is regular there is a form wy (1) such that
sy, p) = Cp (T, v;wr (1), we).

wr () depends on .

We shall call a function va,7 — ®(v,T) = ®(v,T;wr,wg) an HCS family if it satisfies the

following conditions.
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(i)

(ii)

(iii)

(iv)

If W}, = awr and wi;, = fwg with a, § € F* then

O, Ty ) = |2 |00 Tiwr ).

Ifh € G(F), T" = h™'Th, v' = h=1vh, and if wy- is obtained from w by transport of structure
then

(p(’}/,T/;CUT/,LdG) - (P(’)/,T, (.dT,LdG).

For each T,y — ®(v,T) is a smooth function on the set of regular elements in 7'(F') and its

support is relatively compact in T'(F').

Suppose z € Z(F') and a = Ch(z). Suppose ( is a two-form on X which is regular and non-zero
in a neighborhood of a. There is a neighborhood U of a and for each 7" two smooth functions

@' (v, T; 1) and " (y, T 1) on
Ty (F) = {y € T(F)|Ch(y) € U}
such that

(v, Tywr(p),we) = (7, T, p) — meas(T(F)\G'(F)) 2" (v, T; p).

Here G’ is the multiplicative group of the quaternion algebra over F'. In the exceptional case that

T is split, when G’ may not exist, the function ®” (v, T’; 1) is not defined and we take
meas(T(F)\G'(F)) = 0.

Otherwise we regard T as a subgroup of G’. The measure on 7 is to be |wr(x)| and that on
G’ is given by the conventions on pp. 475-478 of [14]. If F' is archimedean, X belongs to the
center of the universal enveloping algebra and X is its image under the canonical isomorphism

of Harish-Chandra [25] then the restriction of X7®'(v, T, 1) to Z(F') must be independent of T'.

Lemma 6.1. The collection {®(~, T} is an HCS family if and only if there is a smooth function f with

compact support such that

(I)(PYv T) = (I)f(ﬁ}/v T)

forall T and . Then for z € F* = Z(F)

(I)/(Z, T, :U') = (I)f(nv :U')
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with
" s 1 1
- 0 1

(2T, ) = £(2).

and, if T is not split,

If F' is archimedean, X belongs to the center of the universal enveloping algebra of the Lie algebra of

T and X is its image under the canonical isomorphism of Harish-Chandra then
Xr®' (2, Ty p) = ©x¢(n, 1)

and

Xr®" (2, T; ) = X f(2).

If F'is non-archimedean this is simply Lemma 6.2 of [23]. | observe however that in the formula
for a’ () on p. 81 of [23] the function £(z) should be replaced by
£(2)

|dety]p%

In addition the discussion there is complicated by an infelicitous choice of measures.

That the family {®(v,T") } satisfies conditions (i)-(iv) when F' is archimedean is also well known
but condition (iv) is usually formulated somewhat differently when 7" is not split. To reduce (iv) to the
form usual for a T" which is not split we remark first that if it is valid for one choice of x then it is valid
for all. Choose p to be the standard translation invariant form dx;dzs on X. A simple calculation

shows that wr(p) is, apart perhaps from sign, the form 7, on p. 79 of [23]. Thus if

{0 )]

and
B dadb
WT = 2 + b2
then
CI)(’YvT;wT(M)va) = 2’ﬁ’q>(77T;wT7wG)
for

”:<j3§>'



Base chnage 60

Moreover if we take measures with respect to wr rather than wr(u) then meas(7'(F)\G'(F')) must be
replaced by
2|Blmeas(T(F)\G'(F)).

The measure is now a constant.

Condition (iv) says simply that for any integer n > 0

n—1

2061207, Trwh,wa) = 3 or(@) -+ 3 de(a)|3F +O(16]")

k=0

near § = 0. The coefficients are smooth functions of a.. Since the left side is in any case an even function
of 3, this relation says simply that its derivatives of even order with respect to ¢ are continuous and
that its derivatives of odd order are continuous except for a jump at 3 = 0 which is continuous in a.

All this is well known [31] as are the additional properties of the family {®;(v,T')}.

z1t+22
T(C):{<€ 0 6210_22> 2132260}

then the image of the center of the universal enveloping under the canonical isomorphism is generated

If Fis C and

o 9% 92

a . .
Y 8e0 5510 0230 53 Moreover there is a function ¢(«) on Z(C) such that

82
822 82 2

£(0) = (@) ', Ti ) a € Z(C).

We must still verify that if {®(v,7")} is an HCS family then there is a smooth function f with
compact support such that {®(,T)} = {®4(v,T)}. The field F' may be supposed archimedean. If on
each 7" the function v — ®(v,T') is 0 near Z(F') we may proceed as in the proof of Lemma 6.2 of [23]

to establish the existence of f. We must reduce the general problem to that case.

It is simpler to treat the real and complex fields separately. Suppose F' = R and

(s §)erex)
B:{(_‘)‘ﬂ g)\a,BER,aQ—l—ﬁz;&O}.

If o4 and @p are functions on A and B which satisfty p4(t) = ¢a(t), o5(t) = pp(t), and p4(z) =
vp(z) for z € Z(R) there is a function ¢ on X

(6.1) pa(t) =9(Cht)  pp(t) =1(Cht).
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If
e 0

t_a<0 6‘“)
then

Cht = (a?,2a coshu)
and if

f— o cosf)  sinf

N —sinf cosf
then

Cht = (a?, 2« cosf).

Thus v is smooth on {(z1,x2)|z1 # 0} if and only if ¢4 and ¢ are smooth and

d2n d2n
g ¥B2) = (1) o 5noa(z) 2 € Z(R).

If
(6.2) pa(t) = 2(t, Tiwr(p),wa) A=T(R)
(6'3) (PB(t) = CD(thQ wT(M)va) B = T(R’)

and {®(v,T)} is an HCS family this is so if and only if X7®" (v, T'; 1) vanishes on Z(R) for all X in

the center of the universal enveloping algebra.

Since the map t — Cht is smooth away from Z a simple argument involving a partition of unity
establishes that if X;®" (v, T, i) vanishes on Z(R) for all X, so that the function ¢ defined by (1) is
smooth, then there is a smooth compactly supported f such that {®(v,T)} = {®(v,T)}.

This granted we argue as follows. Given an HCS family {®(~,7')} there is ([29]) an f in the

Schwartz space such that
{27, 1)} ={®s(+,T)}-

We may suppose that
{z € R*|z = det g for some g with f(g) # 0}

is relatively compact in R*. We write f = f; + f, where f; is compactly supported and f> vanishes
near Z(R). Replacing ®(,T") by ®(,T) — ®¢, (v, T'), we obtain a family to which the argument above
can be applied.
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If FisC let

A:{(‘S‘ g>ya,ﬁeCX}.

Ch: « <€O 692> — (a?,2acosh 2).

Then

Here z = x + iy lies in C. If ¢ is a smooth function on A satisfying ¢(t) = ¢(t) we define ¢ by
(6.4) ¥(Cht) = ¢()
1 is smooth if and only if the formal Taylor expansion of ¢ about z = 0 has the form

> Pula® =y ay;a)

where P, (z? — 4%, xy; ) is a polynomial of degree n in 22 — y2, 2y whose coefficients are smooth

functions of a. We may also write
Po(z? — %, zy;0) = Qu(2%, 2% a).

It is easily seen that the expansion of y has this form if and only if

82 82m 6271
0207 0z2m 8?2”('0

vanishes on Z(C) for every choice of m and n.

This allows us to proceed as before. We choose f in the Schwartz space of G(C) sothat {®(~,T")} =
{®f(~,T)} ([29]), then write f = fi + f2, where f; has compact support and f, vanishes near Z(C),
and replace ®(v,T") by ®(v,T) — ®¢,(v,T). If T'(C) = Aand

p(t) = &(t, T wr (1), wa)

then the function ¢ defined by (6.4) is smooth; so we may exploit the smoothness of ¢ — Cht away

from Z(C) once again.

The purpose of this paragraph is however not the study of orbital integrals by themselves but
the comparison of orbital integrals with twisted orbital integrals. Let E by a cyclic extension of prime
degree ¢ and o a fixed generator of &(E/F). If ¢ is a smooth, compactly supported function in G(E)

and ¢ lies in G(E) we consider

/ p(g~"d0(g))dg.
G (EN\G(E)
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That these integrals converge will be manifest shortly.

It is clear that, sufficient care being taken with regard to measures, the integral depends only on
No. Ify = Né liesin G(F) then G§(E) = G (F) and the principles of §15 of [14] may be used to carry

measures from G (F') to G§(E). Such a transfer is implicit in some of the formulae below.

We define a Shintani family {W,(~,T")} associated to ¢. For this we have to fix for comparison a
form wg on G over F' as well as a form wg on G over E, and we define U, (v, T; wr,we) at first only
for this one choice. We extend the definition to other forms by Property (i) of an HCS family. If v in
T'(F) is regular we set

\P¢(7,T;wT,w%) =0

if v = N has no solution. If it does we set

Uy, Trwr, w%) = / o(g~"50(g))dg.
GS(E)\G(E)

Since G§(F) = T(F'), we may take the measure on it to be that defined by wr. The measure on G(E)
is that defined by w&.

If G’ is the group over F' obtained from G over E by restriction of scalars then ¢ — Ch(/Ng) may

be regarded as a morphism from G’ to X over F. Indeed over F
G'~Gx---xG
and

N(g1,--,9¢) = (9192 96,92~ Gegi,- -+, Gegu, -+~ Go—1)-

Hence

Ch(Ng) = Ch(g1--- ge)-

It is clear that this morphism is smooth off the locus Ng € Z. Thus if § € G(E) and No ¢ Z(F') we
may associate to a two-form p on X which is regular and non-zero in a neighborhood of Ch(NNJ) a

measure on G§ (E)\G(E) and hence

By (6,11) = / o(g™"50(9)).
GI(E)\G(E)
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We introduced earlier the form wr(x) on T'. It is independent of wg. If ¢ is the restriction of Ch
to T' then at
P
wr(p) =
det((1 — Advy1)pg)

because under the map (¢, g) — (g~ 'tg) of T x T'\G to G the vector (X,Y) in t x t\g, a tangent vector
at (t,1), issent to
X +(1-Ady HY.

If E is any finite extension of F" and 1 the character on F' used to define measures we may define
Y on E by
Yp(r) = p(tracep, pr).
If Y is a non-singular variety over E, v, -,y local coordinates on Y, and a4, -- -, a, a basis of E

over F' then we may introduce local coordinates y;; on Y’, the variety over F' obtained from Y by

restriction of scalars, by the partially symbolic equations

Yi = Zj Yijas-

If wF is a form of maximal degree on Y given locally by

wf =y, Ym)dyr A -+ A dym,

we define w’ on Y’ by
W = NE/Fe(yl, e ,ym)(deta;\j)mdyu A ANdyrg Ndysg A -+ .

Here {)\,} are the imbeddings of E into F and the norm is defined in an algebro-geometrical sense. «/

is not necessarily defined over F. But it is invariant up to sign under &(F'/F') and hence the associated

measure |w’| on Y'(F) = Y (E) is well defined. It is equal to that associated to w”.

These remarks apply in particular to our cyclic extension E and wg. The form wy, obtained from
it, the form p, and the morphism Ch(Ng) together define, for each ¢ in T'(E) with v = N§ regular, a

form w/ (1) on T satisfying

Uy (7, T, (1), we) = o (6, ).

This elaborate introduction of w/-(p) is pretty much in vain because w/-(u) is independent of wZ or w;

and equals wr (u), except perhaps for sign.
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To see this begin by choosing a section of G’ — T'\G’ so that the Lie algebra g’ becomes t & t\g’.
We may also write

t\g' =t\t &m
with m ~ '\ g’. The quotient t\t' may be identified with ¢'1=7. We write
w'G = w1 Nwa N\ ws

where w; isaformon t, wy aformon 17, and w5 a form on m. If s is a section of

72N
.

which takes v to 6, then the map of 7' x T\ G’ to G’ given by (¢, g) — g~ 's(t)o(g) has the following
effect on the tangent space t ® t\g’ = t ® 177 @ m at (4, 1). If m is chosen to be invariant under the

adjoint action of T” the vector (z,y, z) is sent to
(z,y,2 — Adé Lo~ (2)).
The section s is not rational, but analytic or formal, according to one’s predilections.
The form w; A ws is constructed from wq, ws and the sequence

1—T—T 231" 1.
By Lemma 4.10 we may also construct it starting from

1— 71 7 X7
Therefore pulling w; A we A ws back to T x T'\G’ we obtain

det((1 — Ad’y_l)\t\g)wl A wo A ws.

We conclude that if
" (1) = Awn

at vy then
det((1 — Ady_l)t\g)w}(,u) = \w;

there as well. Our assertion follows.
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These cumbersome remarks out of the way, we may state the principal lemma of the paragraph.

Lemma 6.2 A Shintani family is an HCS family. An HCS family {®(~,T)} is a Shintani family if
and only if ®(v,T) = 0 whenever the equation v = No has no solution. Moreover if {®(v,T)} =
{W4(~,T)} then the function ®'(, T, j1) satisfies

0, z ¢ NS(FE),

/ —

for = € F* = Z(F). If T is not split, the value of ®"(z,T, 1) is 0 if the equation z = NJ§ has no

solution. Otherwise it is

") / o(g~160(g))dg.
GI(E)\G(E)

Here &(vy) is 1 if 0 is o-conjugate to a scalar and -1 if it is not.

We begin by establishing the asserted properties of a Shintani family. They have only to be
established when ¢ has small support about a given 4. If N¢ is not central there is no problem for

g — Ch(Nyg) is then smooth at 6. Suppose N is central.

It is convenient to treat two cases separately, that for which ¢ is o-conjugate to a central element
and that for which it is not. When treating the first, one may suppose that ¢ itself is central and then,
translating if necessary, that it is 1. Choose an analytic section s of G'(F') — G(F')\G'(F'). The map of
G(F) x G(F)\G'(F) to G'(F) given by (g,w) — s(w) 1go(s(w)) yields an analytic isomorphism in
a neighborhood of the identity. If ¢ has support in such a neighborhood and ¢ lies in its intersection
with G(F) then

U4 (NS, T) = &;(5,T)

£(6) = / o(s(w) 160 (s(w))),

the integral being taken over a small neighborhood of the trivial coset, G(F) itself. It is therefore

manifest that {®,(vy,T)} is an HCS family. If z € Z(F) lies close to 1 then

f(2) = / o9~ z0(g))dg
G(F)\G'(F)

(11
5—201

and if
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then
Uy(eh, ) = Of(e, p)

and Ne = ¢*. The asserted formulae for ®'(z, T, 1) and for ®"(z, T, i) follow.

Before we discuss the case that ¢ is not o-conjugate to a scalar we comment on the manner in
which one shows that an HCS family {® (v, T)} for which ®&(v,T) = 0 when v ¢ NT'(E) is a Shintani
family. One can localize the problem and, once again, the only difficulty occurs for a family which is
supported in a small neighborhood of a point in Z(F'). If this point lies in NZ(FE) we may suppose it
isl. If

(1, T) = 2(+",T)

then {®'(,T)} is again an HCS family and hence there is an f such that

CDI('Yv T) = (I)f(ﬁ}/v T)'

We may suppose that the support of f consists of elements whose conjugacy class passes close to
1. Employing a partition of unity and then conjugating we may even suppose that f itself is upported

in a small neighborhood of 1. Suppose a is a function on G(F')\G (F) satisfying

/ a(w)dw = 1.
GF)\G'(F)

Ifwe G(F)\G'(F)and h € G(F) set

Then
W,(8°,T) = (5", T)

for ¢ close to 1. Since extraction of ¢th roots in a neighborhood of 1 is a well defined operation, we

conclude that
Vs (7,T) = @(v,T)

for all ~.

Suppose now that z = NN is central but that § is not o-conjugate to a central element. Then ¢/ = 2

and

G3(E) = {yldo(y)o~' =y}
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is the multiplicative group of a quanternion algebra. If u € G§(E) then
N(ud) = udo(u)o(8) = u?z.

It follows that if « is close to 1 then

ws(E) € Gu(E)
if G, is the centralizer of u. Since
75(E) = {yludo(y)s 'u™" =y}
we conclude that

w(E) € G5 (E).

This time we take s to be a section of G'(F') — G§(E)\G'(F') and set

f(h) = / o(s(w) " ho(s(w))), h € GI(E),
so that
Uy(zu?, T) = ®p(u,T).

The family {®;(6,7")} is an HCS family not for G(F') but for G¢(E) = GJ(F'). Since this group is
the multiplicative group of a quanternion algebra the properties of HCS families for it are trivial to
establish. The principal points to observe are that there is no longer a split Cartan subgroup, that

®’(v, T, ) does not occur, and that
(y, Tswr (1), wer) = meas(T(F)\G'(F))®" (v, T; p).
This said, one proceeds as before, and completes the proof of the lemma.

Lemma 6.2 allows us to associate to any smooth compactly supported ¢ on G(E) a smooth

compactly supported f on G(F') for which

{27 (v, 1)} = {¥s(7, )}

The function f is not uniquely determined but its orbital integrals are, and this is enough for our
purposes. The correspondence ¢ — f, which was introduced by Shintani, plays an important role in
these notes. It is however essential to observe that if £ is unramified and ¢ is spherical then f may be

taken to be the image of ¢ under the homomorphism of the previous paragraph. In particular if ¢ is the
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characteristic function of G(Og) divided by its measure then f may be taken to be the characteristic

function of G(O) divided by its measure.

It should come as a surprise to no-one when | now confess that the map ¢ — f has been defined

for the wrong class of functions. If £ is a given character of N Z(E) we shall want ¢ to satisfy

d(zg) =E(N2)"olg) =z € Z(E)

and f to satisfy
f(z9) =€&(2)" flg) »€ NZ(E).

All we need do is start from the original ¢ and f and replace them with
¢'(9) = P(29)§(Nz)dz
Z(E)

and

flg) = /N o f(z9)&(2)dz.

The calculations at the end of the preceding paragraph show that if {®y/ (v,T")} and {¢ (v, T')} are

defined in the obvious way then
Dy (7,T) = @p (7, T).

This and the other relations between orbital integrals of f and ¢’ which are deducible from Lemma 6.2

will play a central role in the comparison of Paragraph 11.
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7. CHARACTERS AND LOCAL LIFTING

F'is again a local field and E a cyclic extension of degree ¢. o is a fixed generator of &. If II
is an irreducible admissible representation of G(E) then II may or may not be equivalent to II” :
g — I(o(g)). We shall be concerned only with those II for which II” ~ II. Then II extends to a
representation II' of G'(E) = G(F) x &. II’ is not unique, but any other extension is of the form

w ® I, where w is a character of &.

We may introduce the character of IT' along the lines of §7 of [14]. It is a distribution. We shall not
be able to prove completely the following proposition until we have some of the results of Paragraph
11. If we had not thrown methodological purity to the winds, we would be bound to find a purely local

proof for it.
Proposition 7.1. The character of IT' exists as a locally integrable function.

A good deal of this paragraph will be taken up with the proof of this proposition, although one
case will be postponed until §11, appearing there as Lemma 11.2. In addition, we will begin the
study of local base change, especially for the representations 7(u, ) and the special representations
(o(u, v). They are, of course, both rather easy to handle. The last part of the paragraph is devoted to a

computational proof of Lemma 7.17, which yields part of assertion (c) of §2.

Since the character of II is a function and since o is an arbitrary generator of &, it is enough to

show that the character is a function on G(F) x o.

Let n» = (u,v) be the quasi-character of the group A(F) of diagonal matrices and consider the
representation p(n) = p(u,v) introduced in Chapter 1 of [14]. If u° = p,v° = v then p(n) may be
extended to a representation of G'(E'), which we still denote p(7), by setting

plo,me(g) = (o™ (g)) ¢ € Bn).
B(n) is introduced on p. 92 of [14].

For our purposes it is best to suppose that uv = {g on E*. If o is smooth, satisfies ¢(zg) =

ggl(z)a(g), z € E* = Z(F), and has compact support modulo Z(E), we may set

p(o,n) = / #(g)p(g,m)dg.
Z(B)\G(E)
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We may choose the Haar measure on K so that

/ h(g)dg:// / h(tnk)dtdndk.
Z(E)\G(E) K JN(E)JZ(E)\A(E)

Then the kernel of p(¢,n)p(o,n), which is a function on K x K, is equal to

/ / ¢<k;1tna<k2>>n<t>'%
Z(E)\A(E) JN(E)

-(:9)

The trace of p(¢,n)p(o,n) is obtained by integrating over the diagonal.

1/2
dtdn

If v € G(F) has distinct eigenvalues a, b we set

(a—b)2 [/

ab

Ay) =

F
Itis easily seenthat if 6 € A(E), v = NJ,and A(y) # 0 then

A(v) / P(g ' 00(g))dg =
Z(E)A(F)\G(E)

1/2
// / d(k~ 6o (t)no(k))dndtdk.
K JzZ(B)A(P)\A(E) JN(E)

Thus if we denote the left hand side by Fy(6),

a
b

tracep(9)p(0) = | 0t Fy(t)dt

Z(E)A' =7 (E)\A(E)

(2 )

t n(t
/ n(t) +7( )F¢(t)dt.
Z(B)A1=7(E)\A(E) 2

Since F(t) = Fy(t) if

this may be written

We may extend the definition of F;, to other tori, and there is an obvious, and easily verified,

analogue of the Weyl integration formula

/ $(9)dg
Z(E)\G(E)
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is equal to

1
> {/ oo to(a))da | ANt
2 z(E)yr - (BNT(B) U Z2(B)T(F)\G(E)

>
- Fy(t)A(Nt)dt.
22 2B (BNT(E) (

The sum is over a set of representatives for the conjugacy classes of Cartan subgroups over F. We

or

deduce the following lemma.

Lemma 7.2. The character x ., of p(n) is a function on G(E) x o. If v = N¢ is regular but not
conjugate to an element of A(F') then x,(,y(0 x o) = 0. If§ is o-conjugate to t and v = N is regular

then

If n = n° then there exist 1/, v/ such that p(z) = ¢/ (Nz),v(z) = v/(Nx). If $ — f is defined as

in the previous paragraph, the following corollary is clear.

Corollary 7.3. Ifn/(u/,v") then

tracep(¢,n)p(o,n) = tracep(f,n')

and
Xp(n) (0 % 0) = Xp(r) (7)
ify = NG,
IfII = 7(p, v) with pu(z) = @/ (Nzx),v(x) = v/(Nzx) then I17 ~ II. We take I" = 7/(u, v) to be the

restriction of p(n) to the subquotient of 5(n) on which 7 (1, v) acts. We see that if p(1, v) is irreducible,

then it is a lifting of p(y/, ") according to either of the criteria of §2. Notice that there are /2 choices for

w v
Lemma 7.4 Suppose F' is non-archimedean.
@) Ifuv=(z) # |x| and pv=(z) # |z|~! then
trace o' (¢; p, )7’ (o5, nu) = tracew(f; ', V)

and, ifyv = N is regular,
Xr!(p,v) (6 X U) = Xﬂ(u’,u’)(ﬁ}/)'
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(b) If pr=Y(z) = |z|~! and p/'v'~1(x) = |z|~! the same equalities are valid.

The only cases not covered by the lemma are those for which 7 (1, v) is finite-dimensional while
m(u',v") is infinite-dimensional, when the equalities no longer hold. This is the reason that we have
also had to introduce the criterion (i) of §2 for a local lifting. Observe that 7(y/,v’) then ceases to

be unitary. The first part of the lemma is clear for, with the assumptions imposed there, 7(u,v) =

Pk, V)v W(Mlv V') = P(M/a V).

If the conditions of the second hold, then

w(g; 1, v) = p(detg)|detg|i*, g € G(E),

m(osp,v) =1,

w(g; i, ') = i/ (detg)|detg|})*, g€ G(F).

The first of the desired equalities is clear; the other follows from the Weyl integration formulae. It is by

the way implicit in the lemma that the characters appearing there are functions.

Lemma 7.5. Suppose F is archimedean. If n(u,v) and w(u/,v") are both infinite-dimensional or both

finite-dimensional then the equalities of the previous lemma are again valid.

This again follows from the corollary if both representations are infinite-dimensional. To check
the remaining case we observe that ' will be R and E will be C. There is a finite-dimensional analytic

representation p of G(C) on a space V' and a character y of C* such that

m(g; u,v) = x(detg)p(a(g)) ® p(g)-

Since x(z) = x(o(2)) there is no harm in supposing it is 1. If A=! is the highest weight of the

contragredient to p and w a highest weight vector then

u” © v — (o(w) ® w)(p(a(9))o(u) ® plg)v)

maps V into B(u, v) if, as we may assume p(z)|z|'/? = M(zo(z))v(z)|2z| /% = M(zo(z)). Theabsolute

value is taken in the number-theoretical sense. Then 7’(o; i, ) corresponds to o(u) @ v — o(v) ® u.

If p(g) = (pi;(g)) then a matrix form of ©’(g x o; p,v) is

pir.j(0(9)) @ pi jr(9)-
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Setting ¢ = 5,7 = j’ and summing we conclude that
tracen’ (g x o; u,v) = trace p(go(g)).

Since (g, 1, ") is either p(g) or sign(detg)p(g) the lemma follows.
The next lemma is an immediate consequence of Corollary 7.3 and Lemma 7.4.

Lemma 7.6. Suppose F is non-archimedean and o (1, v) is a special representation. Let pv—!(x) =
|z| . Define o’(o; u,v) to be the restriction of p(o; i, v) to the subspace of B(u,v) on which o(u,v)

acts. If u'v'=1(x) = |z|F then
trace o’ (6 1, v)o" (1, v) = tracea(f, ', ')

and if v = N¢ is regular
Xo' (p,v) (6 X U) = XO'(,U/,I//)(PY)'

We see that o (u, v) is a lifting of (1, v"). There are now only ¢ choices for the pair (¢, v").

If I = o(p,v) then 117 ~ Il only if u = p, v’ = v. However if II = 7 (u,v) then I17 is also
equivalent to ITif u% = v,v? = pthatisif 7 = n?. If n° # n this can only happen for ¢ = [E : F] = 2,
as we now suppose. If n° = 7 we can define an operator R(n) : B(n) — B(n°) as on p. 521 of [14].

Formally (and with a better choice of the e-factor than in [14])

R(U)Sﬁ(g)=€(O,uv_1,¢E)§EO1:+Z:3/E<p(<_Ol (1)> <(1) T)g)dx.

Y is a non-trivial additive character of E of the form x — 1 (tracex) and dx is the Haar measure

self-dual with respect to 1. If 15 is replaced by ¥ r(az),a € F*, then (0, ur—1, 1) is multiplied
by
—1/2 (@) —1/2
|a‘E l/(a) - ‘CL| .

Since dz is replaced by |a|'/2dx, the expression as a whole is unchanged and R(n) is well defined.

Lemma 7.7. (a) Ifn = n°

= 7] then R(n) is the identity.
(b) Ifn” = 7 and p(o,n”) : B(n”) — B(n) replaces ¢ (g) by p(c~"(g)) then p(o, 1) R(n), which takes

B(n) to itself, is of order two.

Since
p(o,n7)R(n)pla,n”)R(n) = p(a,n”)p(a,n)R(n")R(n)
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and

plo,n”)plo,n) =1

the assertion (b) is implied by the following lemma.

Lemma 7.8. Let E be an arbitrary local field. Suppose n = (u,v) and
lwe| < |w@we)r ™ (wE)| < @™

then R(n) and R(n) are defined and
R(n)R(n) = 1.

If w is a quasi-character of E*, the map ¢ — ¢’ with ¢'(g) = w(detg)p(g) takes B(u,v) to
B(wp,wr). Itsends R(n)p to R(wn)¢'; so for the purposes of the lemma we may suppose v = 1. | also

observe that if ¢z is replaced by z — g (ax),a € E* then £(0, uv—1,4g) is multiplied by

—1/2 p(a)
a ma)
lal g o(a)
and £(0,vu~1, 9 g) is multiplied by
_1/2v(a)
a —_—.
|a| g ()

Thus R(77) R(n) is not affected and if n = 7 neither is R(n).

First take E to be non-archimedean and 4 to be unramified. Suppose p(wg) = |wg|®, Res > 0.

el(y 1) (5 5)0=nte

The factor €(0, i1, ¥ ) is, almost by definition, equal to

Let ¢ be defined by

1/2
alt

g

‘CL|S+1/2

if a=*Op is the largest ideal on which v is trivial. Then

/OE dx = |a|71/2.
foo(5 o) (o 7

The integrand of
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is1lifx € Og. Otherwise

0 1 L z\ (2=t 0 1 -z -1 0
-1 0)\0 1) L0 =z)\0 1 -1
and the integrand equal |z|~17%. The integral equals
_ o 1 _ L(s,1E) 1,5 L(0, )
1/2)q s(q1._Z2 _ 1/2__Z\*E) 1245 0)
lal { +Zn:1q < q>} ol L(1+s,1p) o L(1,p)

Consequently
R(n)po(1) = lal*po(1) = |al*.

This relation may be analytically continued.

Any function ¢ is equal to

(o —o(L)po) + ¢(1)po.

Thus to check that R(n)y(1) can be analytically continued for all ¢, we need only check it when
(1) = 0. The factor
L(1, p)

e(0, wE)m

is certainly well defined if |i(wg)| < |g|~t. Moreover if ¢(1) = 0 there is an N such that

-1 0
A(oh h)-
for || > N and

/SD((—Ol (1)> <(1) T>)dw=/x|<Ncp(<_01 é) (é f))dx.

The right side is well defined for any p.. We conclude that R(7) is indeed defined for Re s > —1.

It is clear that R(n)yo is a multiple of ¢g, for ¢ is, up to a constant factor, the only function
invariant under K. Therefore R(n)po = |a|®po. If u =1, then s = 0 and R(n)po = ¢o. Since R(n)
then intertwines B(n) with itself and B(n) is irreducible, R(n) = 1. This is the first part of the lemma.
If Re s < 1then R(7) is also defined and R(77) R(n) which again intertwines B(n) with itself is a scalar.

Since

R(7)R(n)po = ¥o

the scalar is 1.
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Now suppose w is ramified. The factor

(0,1, 0g) EH21Y

is well defined for all such p. If

for|x| > N, then

Fo(3) (b apa= [ (S o) (b %)

The right side is meaningful for all values of |u(wg)|. For this i we only wish to prove the second part
of the lemma. For the sake of symmetry we put v back in. We may also suppose that Og is the largest

ideal on which v g is trivial.

If |wg| < |W(we)v (wEg)| < |wg|~! then Propositions 3.2 and 3.4 of [14] give us two isomor-
phisms
AW (p,vivE) — Bu,v)
B :W(u,v;vg) =Wy, uve) — By, 1.
Suppose W € W (u,v;¢g) and AW = ¢, BW = ¢'. We shall show that

@1 Wi )~ D0 ea)e(1) + 0 e R}

as a — 0. Interchanging v and p we can also infer that

W(<3 (1)>> ~ faf 2 (= 1){e v dp)v(a) (1) + 20, vt p)u(@) R()¢ (1)}
as a — 0. We conclude that
R(ne =

and that
¢ = R(7)R(n)e.

Hence
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To verify (1) we take W = Wy as on p. 94 of [14]. (There is a misprint there. The measure used to
define (1, uo; ®) should be d*¢ rather than dt.) We may suppose that

®(az,a”y) = p~ v(a)®(z, y)

if || = 1. Then ®(0,0) = 0 and ®(x,y) is 0 for =, y close to 0. If N is sufficiently large W¢(<8 ?))

is equal to

a2 pu(a) / y () (at, t~)d*t + a2 ju(a) / p (1)@ (at, t1)d"t
+ <[|t|I<KN [t|>N

for all a. Fix N. When |a| is small this expression equals

(7.2) |a|1/2u(a)/EX 1/;1_1(t)<1)((),75)alxt—l—|a|1/21/(a)/EX d(t,0)d*t.

According to the definition of A, ¢ is equal to fo~ with
fa~ (1) = / &0, ) (Ot =D " ™0, @) |l v ().
However, by the definition on p. 94 of [14]

3~ (0, @} = / (0, y) s (y=p)dy

- Z::_oo(l - VWE!)\WE!m@(anm)/ ()Y (tem ) d <t

[t|=1
If r is the order of the conductor of v ~! the integral appearing here is 0 unless m +n = —r when it
equals

_ v @) |w|"
E(OaVM 17¢E)'u ( )’ ’
1 — o]
Thus
0~ (0,wg) = e(0,vp™ " p)|wp| @0, @) (@)

and

f<I>N(1) = 5(07 V:U’_lv QpE) Zn /“/_l(wn)q)(ov w—n)

:E(O,Vﬂ_l,l/JE)/ vt (t)®(0,t)d*t.
EX

Since, under the conditions imposed on ¢,

5(07 VM_17¢E)5(OMUV_17¢E) = :U'V_l(_l)
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we may substitute in the first term of (7.2) to obtain the first term of (7.1).

Lemma 3.2.1 of [14] gives
pv(=1)e(0,vu™ ", vE) R(n)p(1)

as

lim |ng{ Jwa(§ ) @l v (an)da

Interchanging the order of integration we see from (7.2) that this equals

/E (¢, 0)d.

In other words, the second term of (7.2) is equal to the second term of (7.1) as required.

Asaconvenient, butinthe long run unsatisfactory, expedient, we prove Lemma 7.8 for archimedean
fields by appealing to the theory of Eisenstein series. E will be momentarily a global field, either Q
or an imaginary quadratic field. If ., v are arbitrary characters of £, there are characters p, v
of EX\Ig such that p, v restricted to EX are (i, Vso. Here I is the group of ideles. We introduce

M(n) = M(p,v;0) as on p. 513 of [14]

L(Lvp™h)
M) = 22V ) o R(n,).
(Tl) L(l,/_j,l/_l) ®1 R(Tl )
Here
L(Lvp™) . L(+suvpt)

L, pv=1) 520 L(1—s,uv—1)’
From the theory of Eisenstein series

M ()M (n) = 1.
Since the map n — 7 interchanges p and v and

L(Lpuv ") L(Lvp ")

=1
L(Lvp ) L)

we conclude that

R R (1) R(1o) = 1.

Applying our result for non-archimedean fields we conclude that

R(7)00) R(1oo) = 1.
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The first part of Lemma 7.1 must unfortunately still be proved directly. We revert to our earlier
notation. We also suppose once again that v = 1. Since we are dealing with the first part of the lemma,

w will also be 1. More generally let p(z) = |x|°, Res > 0. We may suppose that

¢E(x) :€2ﬂiz’ E=R

¢E(x) — €2ﬂiRex’ E = C.

Then dx is the usual Haar measure on E. Define ¢y by

%((é f) <g ﬂ?w)k):u(a)

Once again we need only show that

1/2
alt

g

R(n)po(1) = 1.

If ' = R, then, taking the definition of the L-functions and e-factors into account [21],

1+s (o' T
Rm)pod) = 75/(27;(2) / 1+ 23 de =1

and if F = C,

R(n)po(1) = % % //(1 + 2% +9?) " ldady = 1.

We conclude from the second part of Lemma 7.7 that if ° = 7 then IT = 7 (1, v) may be extended

to a representation I of G’ (E), a representation we shall sometimes denote 7(7), by setting

Il'(0) = 7(0,n) = p(o,n”)R(n).

Appealing to the first part of the lemma we see that this is consistent with our previous choice of IT if
n° = n. Observe also that if ) is unramified and n° = 7 then = 7. The following assertion is the part

of Lemma 7.1 which will not be verified until §11, as Lemma 11.2.
(1) The character of T(n) is a locally integrable function.
The following assertion is also part of that lemma.
() Ifn = (u,pn”) and ifr = Ind(Wg,p, Wg,g, 1) then p(n) is a lifting of (7).

The only representations of G(E) we have not yet considered are the absolutely cuspidal II.

Choose such a II for which I1I° ~ II and extend II in any way to IT'.
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Lemma 7.9 IfIl is absolutely cuspidal then the character 1 exists as a locally integrable function
and is smooth on {g € G(E)|N, is regular and semi-simple}.
Moreover if 11 is unitary

3% weziEnTE |
2 meas NZ(E)\T(F) Z(E)T1—o(E)\T(E)

Ix (t x 0)|?A(Nt)?dt = %.

The sum is over a set of representatives of the conjugacy classes of non-split Cartan subgroups over F'.

We shall imitate the proofs of Proposition 7.4 and Lemma 15.4 of [14]. In particular, it suffices
to consider unitary IT. Then IT' is also unitary. Suppose f is a locally constant function on G'(E) =

G(E) x 6 with compact support. Set
W= [ r@eds.
G'(E)

Since IT' is a square-integrable representation of G’ (E) we may apply Lemma 7.4.1 of [14] to conclude

that
trace1l (1) = (1) | {[ rour g uanbds
Z(E)\G'(E) \JG'(E)

Here w is a unit vector in the space of I and d(II") the formal degree.

We introduce a subset CA}’(E) of G'(E) whose complement has measure 0 and a function £(g) on

it. Ifg € G(E)theng € @’(E) if and only if ¢ has distinct eigenvalues a, b. We set

Agp(g) = s

E

and let £(g) = Ap(g)™". If7 € G, 7 # 1, and g € G(E) then g x 7 € G'(E) if and only if
g7(g) --- 7'~ 1(g) has distinct eigenvalues. If g7(g) - - - 7'~ (g) is conjugate to h in G(F) we set £(g) =
A(R)~L. We define £(g) to be 0 on the complement of G'(E) in G/ (E).

Lemma 7.10. The function &(g) is locally integrable on G' (E).

That it is locally integrable on G(FE) follows from Lemma 7.3 of [14]. It suffices then to show
that it is locally-integrable on G(E) x o. Since any compactly supported locally constant function ¢ is

dominated by a spherical function, it follows from the results on Paragraph 3 that

> / |Fy(t)dt < oo
T1-7(E\T(E)



Base chnage 82

Fy(8) = A(NG) /T e, 29090

The sum is over a set of representatives for the conjugacy classes of Cartan subgroups of G over F'.

Take ¢ to be the characteristic function of a compact open set. By the Weyl integration formula, or

rather the variant appropriate when Z(E)\G(E) is replaced by G(E),

/ £(g x 0)élg)dg
G(E)xo

is equal to

>,
- Fy(t)dt
22 Ti-o (BNT(E)

and is therefore finite.

Define 7. as on p. 254 of [14], except that I is to be replaced by E. We have only to show that

lim (' (g™ ' hg)u,u)dg

r—=00 J7rxg

converges on CA}’(E) and that the convergence is dominated by a constant times £(h). It is easily seen

that

for all 7 € g. Itis therefore enough to verify the assertion for the sequence
[ v hgyu wyds
T

For h in G(E), where I is II, this has been done in [14]; so we replace h by h x o, with the new & in
G(E), and the first u by v = II'(0)u and consider

(73) prlh) = [ (g™ ha(g))v u)do,

Let G°(E) be the set of all h in G(E) for which the eigenvalues of N do not lie in F. We need

the following analogue of Lemma 7.4.2 of [14].

Lemma 7.11. Let C/ be a compact subset of G°(E) and let C, be a compact subset of G(E). The
image in Z(E)\G(E) of

X ={geG(E)g'Cia(9) N Z(E)Cy # ¢}
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is compact.
Let
C1 ={Nhlh € C}}
Cy = {Nh|h € C}.
If g € X then

g7 'CigN Z(E)Cy # ¢.
Since C and C'; are compact we have only to apply Lemma 7.4.2.

We may choose C% so that (II(g)v, u) is supported by Z(E)C%. Then for h in C}
| @t (o), u)dg
T

becomes constant as soon as r is so large that 7.’ contains Z(E)\X. Moreover

/ (T(g~"ho(g))v, u)dg
T

<[ (g™ ho(g))v, u)|dg
Z(E)\G(E)
and the right side is equal to

(7.4) meas(ZENZBGAE) [ (g holg))e)dg

To estimate this we may replace the integrand by a positive spherical function ¢, invariant under Z(E),
which dominates it, and & by any o-conjugate element. Thus we may suppose h lies in T'(E), where
T is one of the representatives for the conjugacy classes of Cartan subgroups of GG over F'. It follows

from the lemmas of Paragraph 5 that (7.4) is bounded by c(¢)&(h x o) forall h € @"(E).

It remain to consider the behaviour of the sequence (7.3) on the set of A for which Nh has distinct

eigenvalues in F. If k € G(Og) then

(pr(k_lha(k)) = (Pr(h’)

so we need only consider h of the form

!
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If b is constrained to lie within a compact subset C5 of G(E) then «, 3 are constrained to lie in a compact

subset of £* and  in a compact subset of E. If Cs lies in G (E) then in addition |1 — N (g) remains

bounded away from 0. We are going to show that there is a constant ¢ such that

()

for all  in Cj of the form (7.5) and that if C5 C G7(E) then {¢,(h)} converges uniformly on Cj to a

-1

lor(h)] < ¢ = c§(h x0)

locally constant function. Lemma 7.9 will follow.

As on p. 269 of [14], we are immediately led to the consideration of auxiliary sequences

s = | (m(g 1) (] @{)m,uz—)) g a*dy.

The integral is taken over those v and y for which

(7.6) (g 3{)

liesin T.,.

The product
-1
vy 7Y
(05) @ i)

(w—loma o) <1 a<v>—1<x+a<y>—a‘1ﬁy>>.

is equal to

0 g

=iy 7T (T L

so that the integrand becomes

(77) (H <1 0(7)_1(0'(y) - a_lﬂy)> ’Uiau/‘)h/yfgl-

We set

We shall first integrate with respect to y. To do this we must find those values of v and y for
which the matrix (7.6) is in 7,.. Let|y| = |wg|™,|y| = |wge|™, and let the elementary divisors of (7.6)
be w%, @k, j < k. We list the possible values of j and k below, together with the condition that the

matrix belongs to 7.

i) m>n,n>0thenj =0, k =m, 0<m<r,
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(i) m>0, n<0thenj=n, k=m —n, 0<m—-—2n<r,

@[ii) m<0, n<mthenj=n, k=m—n, 0<m-2n<r,

(iv m<0, n>mthenj=m, k=0, —r<m<0.

Thus the matrix belong to 7,. ifand only if —» < m <randm —r < 2n.

To evaluate the integral of (7.7) with respect to y, we take II in the Kirillov form. Then w; is a
locally constant function on E* with compact support; so is v, and it is bounded by a constant which
does not depend on «, 3, , or z. The inner product appearing in (7.7) is equal to

/EX 22 <$(0(y) - Oflﬂy)> vi(a)uli(a)d*a.

Let b’ be the smallest integer greater than or equal to ™. The integral with respect to y is equal to

(7.8) @l [ vilao () a(@@ M d*a p=ot.
{allp(a)—£a|<|wp| "}

Here b is equal to b’ if the largest ideal on which g is trivial is Og. If this ideal is () then b’ —b = s.

Let € be a small positive number. Since « and 3 are constrained to vary in a compact set there is

an integer e such that

(7.9) '1—N<§>‘25
and

o)~ Za| < [l
implies

laf < |ewp| 7"

Choose an integer d so that the support of each u; is contained in
e~ > |a] > |we|”.

The integral (7.8) is certainly O unless —e —b < d —morm — b < d+ c. Then

m-—+r

<d+e+1.
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Since m + r > 0 this gives a bound on the number of possibilities for m which is independent of r.
Since the integral appearing in (7.8) is clearly bounded by
{sup |ui(a)|} {sup |vi(a)} d*a
lwr|~4>]a|>|wE|?

and

m-4r

>)

there is no difficulty bounding |, (k)| on the set of i in C5 for which (7.9) is satisfied. To show that

lwe’lYE = O(|we|™

the limit exists and yields a locally constant function we replace v by yw," so that m now satisfies
0<m <2(d+c+1). Then |y|5' || is replaced by ||z if m is even and by |y|5"/*|ewg|/? if
m is odd. The integration with respect to v becomes an integration over a compact set which does not

depend on r. The integral of (7.8) appears in the integrand. Replacing a by ﬁ in it, we obtain

vi(a)ul(a)da

/{aup(a)—ﬁ Lal<|yY lwel—*}

o o (7)
where s is 0 or % according as m is even or odd. Mutliplying by ]’y|}_31/2|wE|5 and then integrating

with respect to ~y, we obtain a locally constant function of A.

We have still to estimate ¢,.(h) when N (g) is close to 1. We may write

a(C)

with X € F'*. Let [(| = |wg|®. We may so choose ¢ and A that ¢ remains uniformly bounded. We also

NS
(6%

choose A close to 1. Change variables in the integral of (7.8) so that it becomes

lp(a)—=Aa|<|wg|—b—c

Write a = a1 + as with a; € F, traceas, = 0. Since X varies in a neighborhood of 1 there is an
integer f < O such that |1 — \|g = |wg|¢, with some integer e, and |p(a) — Aa| < |wg| b~ together
imply

(i) |a1| < |wp|~beets
(ii) |az| < |wp|P7cH.

The integral (7.10) may be estimated by a constant times the measure of the intersection of the set

defined by (i), (ii), and
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(i) |wp|®™¢ < a| < |[wp|~"C

If |wr|p = |wg|9, where g is 1 or ¢, this measure is not affected if | replace m by m — zg, and r by
r + zg, z € Z. Thus | may work with a finite set of m — but at the cost of letting r vary. What | want
is that d — m — c should be, for all practical purposes, constant. Then, for purposes of estimation, the

multiplicative Haar measure may be replaced by an additive one. Moreover b now differs from —mTJ”",

which does not change, by a bounded constant.

The set is clearly empty unless
—b—-—c—e+f<d-—-m-—-c

or

m—-b<e—f+d.

Taking the relations between m, r, b, b and s into account, we conclude that

0<m+r<2e—f+d+s+1).

Because of (iii) the absolute value |a; | remains bounded, independent of r, and, because of (ii), the

absolute value |az| is now bounded by a constant times || 2™ . Thus the measure of the set may be

. . (m+r)(£—1)
estimated by a constant times || 2z .

. _ . . . . (mtr)
Since || |wg|?, with the original b, is bounded by a constant times |z |~ =, the absolute

value of ¢,.(h) is bounded by a constant times

> welF=o(1-25)

0<k<2(e—f+d+s+1)

Since

1=Ag=[1=Alr

1—N<§>=1—Af
[0

1= X =[e(1 = N)p

and

while, because X is close to 1,

the proof of the first assertion of Lemma 7.9 is completed.
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The proof of the second will be briefer. Let ¢ be a primitive /th root of unity and let w be the
character of G’(E) which is 1 on G(E) and takes o to ¢. The representations II, = w' @ II', 0 < i < /,

are inequivalent. If u is a unit vector,

¢(g) = d(IT') (I (g)u, )

and
i (e) - | 6(9)1(g)dg
Z(E)\G'(E)
then
, _J1, i=0
tracell(¢) = {0’ 1 <i<t.

Thus

-1 .

1 = Z'—O (:_Ztracel_[;(gzﬁ) = E/ ¢(9)XH’ (g)dg
= Z(E)\G(E)xo

By the Weyl integration formula the right-hand side is equal to

1 _
3 w(exo) [ oo 10(9))dg [ AN
Z(E)T =2 (E)\T(E) Z(E)T(F)\G(E)

The sum is over a set of representatives for the conjugacy classes of Cartan subgroups of G over F'. If

T is non-split the inner integral equals

1 -1
meas Z(F)\T(F) /Z(E)\G(E) ¢(g~"ta(g))dg.

Since

/ 6(g~ 1o (g))dg = / o(g~ 17 (H)(9))dg
Z(E)\G(E)

Z(ENG(E)

for all 7 € g this expression equals

1 -1
Cmeas Z(F)\T(F) /Z(E)\G,(E) ¢lg™"(t x 0)g)dg

or
1

meas N Z(E)\T(F) /Z(E)\G,(E) P(g~ ' (t x 0)g)dg

and the proof of the first part of the lemma has shown us that the integral appearing here is equal to

X]‘[/(U X t).

If T is split the inner integral is equal to

/ / / sk~ s o (nsk) x o)| | dndsdk.
Ke J2(BEYT(F)\T(E) JN(E) B
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Here

Setting

ny =n"‘t(on)o(t)!

and changing variables in the usual way, we deduce from Proposition 2.22 of [14] that the integral is 0.

The assertion of the lemma follows.
We shall also need a relation of orthogonality.

Lemma 7.12 Suppose 114, 11, satisfy

and

Hg ~ Hz
Extend 11, to II}, a representation of G'(E) = G(FE) x &. Suppose moreover that 11 is absolutely
cuspidal, that 11, is unitary, and that xy1; exists as a locally integrable function. Then

Y v
2 meas NZ(E)\T(F) Z(E)T1~<(E)\T(E)

Xty (t x o) xm, (t x o) A(Nt)?dt
is equal to 0 ifI1; is not equivalent to I15.

Just as above we take
o(g) = d(Ily)(IT5(g)u,u) g € G'(E)

with a unit vector u. Since the proof of Proposition 5.21 of [14], and therefore the proposition itself, is
valid in the present situation
(w' ®1II)(¢) =0
for each i. Therefore
1 —t-1 . _
7 Zi:O ¢ "trace(w' ® I1})(4) = 0.
The left-hand side is equal to

/ it (9)(9)dy.
G(E)xo

Applying the Weyl integration formula and proceeding as before, we obtain the lemma.
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We are not yet in a position to show that II is the lifting of a 7. However, there are some further
lemmas toward that end which we can prove now. The map ¢t — Nt imbeds Z(E)T"~? (E)\T(E) into

Ng,rZ(E)\T(F)and is measure-preserving. Let w be a non-trivial character of Ng,p B>\ F*.

Lemma 7.13 If 7 is square-integrable then

S
2 meas NZ(EWT(F) Jz(zyr--(2)\17(E)

T>YWwRT

TEWwRT.

e (NO)P ANt = { !
l

The sum is again over a set of representatives for the conjugacy classes of non-split Cartan subgroups

over F.

If T"is anisotropic then
{Ntlit e T(E)} ={s € T(F)|w(dets) = 1}.

Thus, if 1; = W' @ T,
1 -1
Z Zi:o Xm; (8)
is 0 outside of this set and equal to x(s) on it. Applying the orthogonality relations for characters of

G(F) (Proposition 15.4 of [14]) to this function, we obtain the lemma.

The same argument shows that if 7r; and 75 are square-integrable and m; ~ w® ® 75 for no i then

1

1 1 / NN 2
= Xy (NE) Xy (NY)A(NE)“dt = 0.
2 E meas NZ(E) \T(F) Z(E)TI*”(E)\T(E) ) ) (

Now we take a set of representatives 1" for the conjugacy classes of all Cartan subgroups of G over

F. We want to introduce a collection & of functions on
X = UT NT(E)

or rather on the regular elements therein. We introduce, for the sole purpose of defining this collection,
an equivalence relation ~ on the set of classes of irreducible admissible representations of G(F'). We
write 7(p,v) ~ w(y,v') if for some i and j, ' = wip, v’ = wiv and if w(u,v), (1, v') are both
infinite-dimensional or both finite-dimensional. If 7 is square integrable we write 7 ~ 7 if 7’ = W' ® 7
for some . It is clear that y, and x,- agree on X if 7 ~ 7/. & will be the collection of ., with 7

varying over the equivalence classes.
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If m(p, v) isfinite-dimensional let o (14, /) be the representation complementary to = (u, v) in p(u, v).

The representation 7(u, wv) is infinite-dimensional and

(710) X7 (p,v) + Xo(u,v) = Xn(p,wv)
on X.
Lemma 7.14 Every linear relation amongst the function in & is a consequence of the relations (7.10).

If this were not so there would be a relation which did not involve the x;, 7 finite-dimensional.
The orthogonality relations then show that it involves no .., = square-integrable. Therefore it involves
only the X (u,.), T(1, v) infinite-dimensional, and the explicit expression for x(, ,) in terms of u,v

shows that the relation must be trivial.
There is one simple point which needs to be observed.
Lemma 7.15 If 7 (p, v) is finite-dimensional then 7 (i, wv) is not unitary.

First take R = R. By Lemma 5.11 of [14]
pr ol it P

where p is a non-zero integer. Therefore

o iow b it tP

1

and 7(u, wr) can be unitary only if i ! = wr,wv ! = u. Then

up st — tP

and p is even. The space of 7 = 7(u,wr) then contains a vector v invariant under SO(2,R). Standard
formulae for spherical functions [31] show that the matrix coefficient (7(g)u, ) must be unbounded.

This is incompatible with unitarity.

Now take F' to be non-archimedean. Then

pr w2 Pl ()

and

o et i — |z Tl (2).
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Consequently (u, wr) can be unitary only if i ! = puv,wv ~! = p. Then
pi = [e Tl (2).
This, fortunately, is a patent impossibility.

Lemma 7.16 Choose for each representation I1 of G(E) invariant under & an extension IT' to G’ (E).

Then the restrictions of the characters x|, to G(E) x & are linearly independent.

Copying the proof of Lemma 7.1 of [14], one shows that the characters of the irreducible admissible

representations of G'(E) are linearly independent. If IT, = w’ ® I’ as before then

1 —i
72w (@)xm(9)
is 0 except for g € G(E) x o, when itequals x1r (g).

The most important fact about local lifting which remains to be proved is

(3) If 7 is an absolutely cuspidal representation of G(F') then 7 has a lifting in the sense of criterion

(ii) of §2. It is independent of o.

This will be proved in §11. See especially Proposition 11.5. | observe now that the results of this
paragraph, including Lemma 7.17, which is to follow, imply, when taken together with the assertions

(1), (2), and (3), the results (a)-(g) of §2, except for (e), which appears as Lemma 11.8.

It follows from (3) and Lemma 7.6 that every representation 7 has a lifting. Moreover it follows
from Lemma 7.16 that it only has one lifting that satisfies (ii). Thus the unicity of the lifting could fail
only if 7 had one lifting in the sense (i) and another in the sense (ii). By Corollary 7.3 and Lemmas 7.4
and 7.5 this could only happen if 7 = 7(u,wv) with pv='(z) = |z|*!. Since 7 is a principal series
representation and its lifting in the sense (i) is special, this lifting cannot also be a lifting in the sense (ii).
It follows from Lemmas 7.4 and 7.9 that a lifting in the sense (ii) cannot be cuspidal, and from Lemma

7.14 that it cannot be a (¢, v’). So 7 has no lifting in the sense (ii), and the unicity is established.

By definition II can be a lifting only if II" ~ II for all 7 € g. If this condition is satisfied then, by
Corollary 7.3 and Lemmas 7.4 and 7.5, II is a lifting except perhaps when it is cuspidal. That it is a
lifting when it is cuspidal follows from (3), Lemmas 7.9 and 7.12, and the completeness of the characters

of square-integrable representations of G(F'), a consequence of Lemma 15.1 of [14]. The property (c)
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follows from Lemma 7.14 and 7.17; and (d) is a formality, as is (f). In so far as (g) is not an immediate

consequence of the definitions and the unicity, it is a consequence of (3) and Lemma 7.6.

In our scheme for proving the results of these notes, the following lemma plays a critical role. It is

a shame that our proof is so uninspired.

Lemma 7.17 Suppose = is an irreducible, admissible representation of G(F') and m ~ w ® w. Then

¢ = 2 and there is a quasi-character § of E* such that = = () with
T = IHd(WE/F, WE/E': 9)
Moreover if m = 7(7) thenm ~ w ® 7.

Suppose m = w(p,v). Thenw @ m = w(wp, puv). Thus 7 ~ w @ wifand only if p = wv, v = wp; so
w?=1land ¢ =2 If{=2and f(x) = u(Nz), then 7(7) = 7(u,wp) ([14], Theorem 4.6 together with
the remarks on p.180). If F' is non-archimedean and © = o (u, v) then 7 % w ® 7. (This follows readily
from Proposition 3.6 of [14]). If F' is R every square-integrable representation is a 7(7) for some 7, and

it follows from Theorem 5.11 of [14] that 77(7 ~ w ® 7(T).

Suppose finally that F' is non-archimedean and = is absolutely cuspidal. We may as well suppose
also that 7 is unitary. Let
G (F) = {g € G(F)|w(det g) = 1}.

We begin by remarking that if 7 ~ w®7 then the restriction of 7 to G (F") is reducible. Indeed suppose

the restriction were irreducible. There is an operator A on the space of 7 such that
An(g)A™! = w(detg)m(g) g € G(F).

The irreducibility and the admissibility of the restriction of 7 to G (G) together imply that A is a scalar.

We deduce a contradiction, viz.,
Ar(9)A™  =n(g) g e G(F).
We also see immediately that £ must be 2, for if £ is odd w is not trivial on Z(F).

Take ¢ = 2 and let 7" be one of the irreducible components of the restriction of 7 to G (F'). Let

acton V. Define a G(F)-invariant map from the space of » = Ind(G(F),G.(F),7") to V by

2D D U O]
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If 7 extended to a representation 7’ of G(F) then 7’ 2% w @ 7/,
r=r®wer)
and T ~ 7’ or m ~ w ® 7. This is impossible if 7 ~ w ® .

Choose hin G(F)withw(det h) = —1andsetn— (g) = 7 (h~'gh). We conclude thatif 7 ~ w®m
then 7 2 7~ and the restriction of 7 to G(F) is 7" @& 7w~ A straightforward imitation of the proof of
Proposition 7.4 of [14] shows that the characters of 7™ and 7~ exist as locally-integrable functions on

G (F). Foratin G4 (F) with distinct eigenvalues we define

X () = Xt (£) = X (8).

Let T" be the Cartan subgroup to which ¢ belongs. If T is split or the quadratic extension determined

by T is not isomorphic to E there isan s € T'(F') with w(det s) = —1. Then

Xr— (t) = Xa+ (S_lts) = Xa+ (t)

and
X (t) = 0.

| observe that the function ;" can be defined for any 7 for which 7 ~ w ® m, provided that X+, X~

are known, for some reason or another, to exist as functions. It is only determined up to sign.

Choose a Cartan subgroup T so that the corresponding quadratic extension is isomorphic to E.

The orthogonality relations for G (F') yield the following lemma.

Lemma 7.18 Suppose 7 is unitary and absolutely cuspidal and the function X;L/ is defined. Suppose

also that the restrictions of m and «’ to Z(F') are the same. If 7 is not equivalent to 7’ then

/ X (O (H)A(t)*dt = 0.
Z(F)\T(F)

If w lies in the normalizer of 7" in G(F') but not in T'(F’) then

X (wtw ™) = w(det w)xy (t)
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and the standard theory of crossed products shows that w(detw) = w(—1). Fix a regular ty in T'(F)
with eigenvalues ag, byg. The ordering ag, by determines an order of the eigenvalues a,b of any ¢ in

T(F). If 0 is a quasi-character of E, which we identify with T'(F'), we set

a—>b > O(t) + O(wtw™1)

alt) = AE/F b o

ap — bo

Here 1) is a fixed non-trivial character of F' and A(E/F,) is defined as in [21]. We extend y; to a
locally integrable function on G(F') by setting xy(g) = 0 unless g = h~'th with ¢ regular in T'(F)

when we set
xo(g) = w(det h)xo(t).

Lemma 7.17 is now a consequence of the completeness theorem for characters of Z(F)\T'(F') and the

following lemma.

Lemma 7.19 Suppose
T = IHd(WE/F, WE/Ea 9)

and m ~ (7). Thenm ~ w ® m, and x; exists as a function and is equal to +xy.

This is the lemma with the embarrassing proof. For ' = R satisfactory proofs are available; but
they are not elementary. A quic